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We consider the design and pricing of certification contracts. A certifier

offers a menu of tests to a sender, who holds partial private informa-

tion about an unknown state and seeks to persuade a receiver. The

selling mechanism gives information to the receiver through two chan-

nels: the actual informativeness of the tests and the sender’s choice. In

the revenue-maximizing menu, senders whose beliefs exceed an upper

threshold purchase a common test, while senders whose beliefs fall be-
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purchase distinct tests, so test choice perfectly reveals the sender’s pri-

vate information. All sender types who purchase a test are indifferent

across all options in the menu, and the receiver obtains zero surplus.

We also analyze how the results change if the certifier can conceal which

test the sender selects.

Keywords. Certification, Mechanism Design, Information Design,

Bayesian Persuasion.

JEL classification. D82, D83, L15.

1. Introduction

In many economic settings, a privately informed agent ("sender") attempts to per-

suade another agent ("receiver") to take a specific action by disclosing decision-

relevant information. In such settings, a model’s predictions usually depend on

whether the sender can credibly commit to an information disclosure rule. While

senders in many practical applications lack this commitment power, they can del-

egate the generation and transmission of information to a third party to leverage

its institutional credibility. For example, students take standardized examinations

administered by independent testing agencies to signal their academic potential to

admissions committees. Similarly, firms undergo third-party audits to obtain qual-

ity certificates and communicate product information to otherwise uninformed

consumers.

The reliance of senders on third-party certification introduces a potential conflict

of interest. Certifiers are often profit-seeking; even non-profit organizations selling

certification services (e.g., Educational Testing Service) may raise revenue to fund

other activities. What is the impact of this incentive on information generation and

transmission? How does a profit-maximizing certifier design and price its services?

To provide answers to these questions, we consider a model with three agents:

a certifier, a sender and a receiver. The sender has imperfect private information

about a binary state of the world (e.g., student’s ability) with this belief as her

type. The certifier offers a menu of tests with different prices, from which the

sender observably chooses her preferred option. The test generates a certificate

https://econtheory.org
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which is informative about the state and therefore guides the receiver’s action (e.g.,

admission decision), also assumed to be binary. The sender prefers the receiver to

take the high action, while the receiver wants to do so only if the state is high. We

focus on profit-maximizing certification design.

We decompose the certifier’s problem into two steps. In the first step, the cer-

tifier chooses a partition determining which types purchase the same test. In the

second step, the certifier designs a revenue-maximizing menu of tests subject to the

constraint that sender types in the same element of the partition are incentivized

to buy the same test. We argue that it is without loss to restrict attention to tests

that generate simple "action recommendation" certificates. The certifier’s problem

in the second step is then to design an incentive-compatible, individually rational

and receiver-obedient mechanism that assigns a binary-signal test and a related

transfer to each element of the partition.

The partition is critical to characterizing the receiver’s obedience because each

test provides information to the receiver through two channels: the certificates

generated by the test, and the sender’s observable choice of test, which is infor-

mative about her private information. The sender’s incentive compatibility turns

out to require senders who are more certain that the state is high select tests with

higher differential informativeness (the difference between the probability of recom-

mending high action in the high versus the low state). Intuitively, such senders

expect the information generated by tests to work in their favor. Higher differential

informativeness also raises the sender’s information rents by making her private

information more relevant for test selection.

The main result identifies an optimal menu, parameterized by two thresholds. All

belief types above the upper threshold purchase the same "Bayesian persuasion"

test: one that recommends the high action in the high state and does so in the

low state with a probability that leaves the receiver indifferent upon receiving

the recommendation. Intermediate belief types are fully screened and purchase

distinct tests, which can be viewed as discounted variants of the highest types’ test.

These tests share the same differential informativeness, but they do not always

recommend the high action even in the high state. Belief types below the lower

https://econtheory.org
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belief threshold purchase no test. Since the obedience constraint for the high action

always binds, the receiver obtains zero surplus.

The optimal menu balances several economic forces. One trade-off is between

creating value for the sender and limiting information rents: a common Bayesian

persuasion test creates value, but including lower types worsens the receiver’s

posterior upon test selection, so maintaining obedience would require a more

informative test. A profit-maximizing certifier therefore sells this test only to the

highest types to limit the sender’s information rents. The menu structure also

reflects a tension between the sender’s incentive compatibility and the receiver’s

obedience: incentive compatibility pushes higher types toward more informative

tests, whereas when higher types select a test, that test need not be very informative

for the receiver to obey a high-action recommendation. This tension gives rise to

an optimal menu consisting of tests with constant differential informativeness.

Real certifiers face trade-offs described in this article. They must balance value

creation and senders’ information rents and consider how senders’ selection to tests

interacts with the receiver’s inference and decision-making. Profit-driven certifiers

may exclude less optimistic senders from the market with pricing. Often, the

certifiers only offer one test when the test choice is observable: a special case of the

revenue-maximizing menu we describe. Sometimes, they offer different versions of

a test (e.g., expensive retake options or differentiated certification programs), which

the revenue-maximizing menu we derive can also be interpreted to represent.

The optimality of the menu we describe relies on how the sender’s test selection

reveals additional information to the receiver. If the certifier could conceal which

test the sender selects, we show that the optimal menu could look very differ-

ent. Under certain conditions on the distribution of the sender’s belief, it becomes

optimal to segment the market by offering two tests with heterogeneous informa-

tiveness: a cheap test outputting a high-action recommendation only in the high

state purchased by the highest sender types, and an expensive test that guarantees

a high-action recommendation in both states purchased by lower sender types.

https://econtheory.org
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1.1 Literature

This paper contributes to the growing literature on the sale of information. The

most relevant work is Bergemann et al. (2018), which studies a principal who de-

signs a menu of experiments for a partially informed decision maker to purchase.

Yang (2022), Ichihashi and Smolin (2022), and Park and Evans (2025) apply this

framework to monopoly-market settings, where sellers or buyers obtain informa-

tion about valuations to guide their market decisions.1 In contrast to these settings,

our model assumes that those who pay for information do so not to make an

informed decision, but to persuade another decision maker. This distinction in-

troduces a novel technical challenge: the information sender’s choice of a test is

informative in itself, influencing the belief of the end player.

More broadly, many studies investigate the role of an information intermediary in

models of verifiable communication, such as Grossman (1981) and Milgrom (1981),

and Bayesian persuasion, as in Kamenica and Gentzkow (2011).2 For example,

Lizzeri (1999) analyzes a platform selling a certificate to an informed seller, demon-

strating that equilibrium certification may reveal no information yet extract full

surplus. In our model, full surplus extraction is generally impossible: generating

information is necessary to maximize sender–certifier surplus, but doing so gives

rise to information rents. Ali et al. (2022) studies a related model where the seller

of an asset is initially uninformed and strategically conceals a certificate.3 Other

works, such as Albano and Lizzeri (2001) and Zapechelnyuk (2020), explore the

endogenous quality choices of sellers, deriving profit-maximizing and consumer-

optimal certification designs, respectively. Stahl and Strausz (2017) analyze the

implications of who pays for product certificates. Compared to these papers, ours

1 See also Haupt et al. (2023), which studies a related problem in a competitive market. In contrast to

these studies, each signal realization is assumed to be deterministic, and a profit-maximizing designer

posts a price for each signal realization rather than for the entire information structure.

2 See also, for instance, Grossman and Hart (1980) for models of verifiable communication, and Rayo

and Segal (2010) for a model of Bayesian persuasion.

3 See also Hörner and Skrzypacz (2016) and Mekonnen et al. (2023) for dynamic models of markets

with an information seller, although their settings are quite different from ours.

https://econtheory.org
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is unique particularly in that we build on Bergemann et al. (2018) by allowing the

certifier full flexibility to design any menu of tests and screen sender types.

Also related is the fast-growing literature at the intersection of mechanism design

and information design. For instance, Bergemann and Pesendorfer (2007) and

Bergemann et al. (2022) examine the joint design of a product-selling mechanism

and an information structure that shapes buyers’ beliefs about product quality.

More relevant is Corrao (2023), which examines an intermediary service between

an informed and an uninformed decision maker. Unlike in our paper, where

the certifier has complete flexibility in designing tests, information in his paper

is not verifiable. The optimization problem we address diverges from those in

this literature in that it involves optimizing not only the allocation of information

but also the partitioning of sender types, which shapes the receiver’s beliefs and

incentives. In this regard, Rayo (2013) is also relevant, which extends the monopoly

screening problem of Mussa and Rosen (1978) to a setting in which goods are used

purely as signals of private information. In his model, the value of the goods is

determined by the receiver’s equilibrium posterior beliefs, which relates to our

first-step optimization problem of designing a partition. In our setting, the certifier

sells and designs a Blackwell experiment that is itself informative about the state,

after which the receiver updates her belief once more.

Recent concurrent studies explore how an intermediary designs a menu of tests.4

Celik and Strausz (2025) study a certifier in a market with a partially informed seller

and an uninformed buyer, where the certifier offers a menu of tests to the seller. The

key economic difference is that we consider a classic Bayesian persuasion setting

with no transfers between the sender and the receiver, whereas they consider a

traditional market setting with transfers between the seller and the buyer. This

makes the seller’s payoff convex in the buyer’s posterior belief, resulting in their

optimal menu fully revealing the seller’s private information. Weksler and Zik

(2023) study an analogous problem in which the certifier can sell to the sender

4 An earlier work by Hancart (2024) considers a similar problem, but in his setting, it is the information

receiver who chooses a menu out of a limited selection of options, among which the information sender

selects a test for free.

https://econtheory.org
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a test from a fixed, exogenously given finite set. Boleslavsky and Kolb (2025)

also analyze an intermediary providing a menu of tests to an information user

who leverages them to persuade a receiver. A key distinction from our model is

that they exclude the selection effect, meaning that the choice of tests does not

convey additional information beyond the content of the tests themselves, which

allows them to pointwise maximize the revenue function, an approach not generally

applicable in our setting. Chopra and Ely (2025) study a related model in which the

receiver does not observe the sender’s test choice, an environment we also study

in Section 4 as a benchmark.5 Finally, Ely (2026) studies the optimal design of tests

that can also screen sender types. In his model, the sender’s private information

is hard information such as résumés and is automatically revealed to the receiver;

nevertheless, he proves that an optimal menu exhibits a two-threshold structure

similar to ours.

The remainder of the paper is organized as follows. In Section 2, we introduce

the model and formulate the optimization problem we solve. The main theorem

and its implications are presented in Section 3. Section 4 discusses an alternative

model where the receiver does not observe the sender’s test choice. Finally, Section

5 concludes the paper. Proofs omitted from the main text are provided in the

Appendix.

2. Model

There are three economic agents in the model: a certifier, a sender and a receiver.

The unknown state of the world is binary 𝜔 ∈ Ω = {𝐿, 𝐻}, low or high, with a

common prior 𝜉 ∈ (0,1) for the high state 𝜔 =𝐻.

In the beginning, the sender privately observes a signal that is informative about

the state and updates her belief according to Bayes’ rule. This generates sender’s

interim belief 𝜃 ∈ Θ = [0,1] about the probability that the state is high. Neither the

certifier nor the receiver can observe this belief, and 𝜃 is the sender’s private type.

Let 𝐹 be the induced cumulative distribution function of sender types. Assume 𝐹

5 We discuss the connection to this paper further in Section 4.

https://econtheory.org
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admits an absolutely continuous density 𝑓 that is strictly positive on [0,1]. The

interim belief is consistent with the prior distribution, i.e., E[𝜃] = 𝜉.

The certifier designs a menu of tests and associated prices, ℳ = (ℰ , 𝑡), and offers

it to the sender in order to maximize expected revenue. The first component ℰ
is a collection of tests, each of which is a pair of a signal space 𝑆 and a stochastic

map 𝜋 : Ω→ Δ(𝑆), where we write 𝜋(𝑠 |𝜔) = 𝜋(𝜔)(𝑠) to represent the probability of

signal realization 𝑠 under state 𝜔. Each test is associated with one price according

to a map 𝑡 : ℰ →R.6

Upon observing a menu of tests ℳ = (ℰ , 𝑡), the sender chooses which test 𝐸 ∈ ℰ
to purchase, if any, with payment 𝑡(𝐸). The test is then conducted, and a public

signal is realized.

The receiver observes both which test is chosen and the signal realization. Then,

she forms a posterior belief and takes action 𝑎 ∈ 𝐴 = {𝑎𝐿 , 𝑎𝐻}. The receiver’s payoff

𝑣𝑅(𝑎,𝜔) depends on her action and the state, and she wants to match the state:

𝑣𝑅(𝑎𝐻 , 𝐻) > 0 > 𝑣𝑅(𝑎𝐻 , 𝐿) and we normalize that 𝑣𝑅(𝑎𝐿 , 𝐿) = 𝑣𝑅(𝑎𝐿 , 𝐻) = 0. Her

payoff function determines threshold belief

𝜇 = − 𝑣𝑅(𝑎𝐻 , 𝐿)
𝑣𝑅(𝑎𝐻 , 𝐻) − 𝑣𝑅(𝑎𝐻 , 𝐿)

such that she weakly prefers to take the high action if and only if her posterior belief

that the state is high weakly exceeds the threshold.7 In contrast, the sender prefers

that she takes high action 𝑎𝐻 independently of the state. The sender’s payoff is

I{𝑎 = 𝑎𝐻} − 𝑡(𝐸), where I is an indicator function and 𝑡(𝐸) is a payment.

Assume that if the sender does not purchase any test, the receiver takes low

action and the sender receives the payoff of zero. In the Appendix, we prove that

this assumption entails no loss of generality.8

6 As in Bergemann et al. (2018), the price cannot be conditioned on the signal that results from the

test.

7 If she has a belief 𝜇, she takes high action if 𝜇 · 𝑣𝑅(𝑎𝐻 , 𝐻) + (1 − 𝜇) · 𝑣𝑅(𝑎𝐻 , 𝐿) ≥ 0. Rearranging

terms, we get the expression for 𝜇.

8 Intuitively, whenever some types choose the outside option, we can construct an alternative

equilibrium in which the certifier offers those types an uninformative test, and choosing no test is off

path and assigned a pessimistic belief.

https://econtheory.org
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In summary, the timing of the game is as follows:

1. The certifier posts a menu of tests ℳ = (ℰ , 𝑡).

2. The sender observes private information 𝜃.

3. The sender chooses whether to buy a test 𝐸 ∈ ℰ at price 𝑡(𝐸). If the sender

does not purchase any test, the game ends and all players receive a payoff of

zero.

4. The receiver observes the chosen test 𝐸 and a signal realization 𝑠.

5. The receiver updates her belief about the state 𝜔 and takes an action 𝑎.

We analyze the optimal design of tests and its implications. In Section 4, we consider

an alternative model in which the chosen test is not observable to the receiver.

Throughout the rest of the analysis, we focus on certifier-optimal perfect Bayesian

equilibria in pure strategies. This restriction to pure strategies matters when we

rewrite the certifier’s problem in terms of partitions in the next subsection. In

Appendix B, we show that for any finite menu, restricting attention to pure sender

strategies is without loss of revenue.

The outcome is trivial when 𝜉 ≥ 𝜇. To illustrate this point, consider a menu that

consists of a single null test 𝐸∅ = ({∅},𝜋∅) that always outputs the same message

∅. Let the price of 𝐸∅ be 1, i.e., 𝑡(𝐸∅) = 1. Then, if 𝜉 ≥ 𝜇, we have an equilibrium in

which the sender always purchases the test and the receiver then always takes high

action 𝑎𝐻 . If the sender does not buy a test, the sender is punished with pessimistic

beliefs and low action 𝑎𝐿. In other words, the certifier can extract the full surplus,

even though persuasion has no value to the sender. Henceforth, we assume 𝜉 < 𝜇.

2.1 Preliminary Analysis

We decompose the certifier’s problem into two steps: In the first stage, we choose

and fix a partition 𝒫 over the type space Θ = [0,1]. In the second stage, we have

the certifier design a revenue-maximizing menu ℳ subject to the constraint that

sender types in the same element in 𝒫 purchase a common test.

https://econtheory.org
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A revelation-principle style argument implies that we can restrict attention to

direct incentive-compatible mechanisms

ℳ = {(𝐸(𝜃), 𝑡(𝜃))|𝜃 ∈ [0,1]}

such that the sender of type 𝜃 chooses 𝐸(𝜃) = (𝑆(𝜃),𝜋(𝜃)) at price 𝑡(𝜃).
Furthermore, the outcome of any menu can be attained by a menu where the

signals from tests are action recommendations that the receiver wants to obey, that

is, 𝑆(𝜃) = 𝐴 = {𝑎𝐿 , 𝑎𝐻} for any 𝜃. The reason is that if there are several signals that

lead to the same receiver’s action, the signals could be combined into one action

recommendation without affecting the receiver’s willingness to choose the same

action after seeing this recommendation.9 Hence, we can represent any test 𝐸(𝜃)
by a pair (𝜋𝜔(𝜃))𝜔∈Ω, where

𝜋𝜔(𝜃) = 𝜋(𝜃)(𝑎𝐻 |𝜔)

is the probability that 𝐸(𝜃) recommends to take high action under state 𝜔. We call

𝑥(𝜃) = 𝜋𝐻(𝜃) −𝜋𝐿(𝜃) differential informativeness of the test, since larger 𝑥(𝜃) implies

that a test differentiates better between the two states.10

Therefore, for each given partition 𝒫, the certifier designs a direct mechanism

consisting of 𝐸 : Θ→[0,1]2
and 𝑡 : Θ→R such that the sender of each type 𝜃 will

optimally purchase 𝐸(𝜃) at price 𝑡(𝜃), the receiver will follow the action recom-

mendations, and 𝐸(𝜃) and 𝑡(𝜃) are constant within each element 𝑃 ∈ 𝒫.

The receiver learns about the state through two channels: a test that the sender

selects and the sender’s selection to that test. On observing that the test for types in

an element 𝑃 is selected, the receiver believes that the sender has type 𝜃 ∈ 𝑃. She

9 See, e.g., Bergemann et al. (2018). Here, to ensure that the receiver’s interim belief about sender

types remains unchanged even when this operation happens to merge two distinct tests into a common

one, we allow a menu to include multiple identical tests.

10 Section 3 of Bergemann et al. (2018) takes a similar approach and summarizes a test by a one-

dimensional variable, which they also term differential informativeness. While their definition differs

from our definition of 𝑥(𝜃), its role for the test buyer’s preferences over tests is analogous. See also

Weksler and Zik (2023), who introduce a different informativeness parameter in a related context.
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therefore updates her belief even without seeing any signal to

𝜇𝑃 = E[𝜃 |𝜃 ∈ 𝑃].

The receiver will then observe a signal recommending an action. Given the interim

belief 𝜇𝑃 , she has an incentive to follow the recommendation if

𝜇𝑃(1 −𝜋𝐻)
𝜇𝑃(1 −𝜋𝐻) + (1 − 𝜇𝑃)(1 −𝜋𝐿)

≤ 𝜇 ≤
𝜇𝑃𝜋

𝐻

𝜇𝑃𝜋
𝐻 + (1 − 𝜇𝑃)𝜋𝐿

, (OB)

where each inequality is required only when the denominator of the corresponding

fraction is strictly positive. The first inequality is the so-called obedience constraint

for taking low action, and the second inequality is that for high action. In (OB),

we write 𝜋𝐻 and 𝜋𝐿 for the (common) test assigned to the partition element 𝑃, i.e.,

𝜋𝐻(𝜃) = 𝜋𝐻 and 𝜋𝐿(𝜃) = 𝜋𝐿 for all 𝜃 ∈ 𝑃.

To explore the sender’s incentives, notice that the expected payoff for the sender

of each type 𝜃 from reporting a type 𝜃̂ can also be written as

𝑉(𝜃̂;𝜃) = 𝜃𝜋𝐻(𝜃̂) + (1 − 𝜃)𝜋𝐿(𝜃̂) − 𝑡(𝜃̂) = 𝜃𝑥(𝜃̂) − 𝑡(𝜃̂),

where 𝑡(𝜃̂) = 𝑡(𝜃̂) − 𝜋𝐿(𝜃̂). Incentive compatibility requires this to be maximized

at 𝜃̂ = 𝜃. Therefore, as in Myerson (1981), a mechanism is incentive compatible for

the sender if and only if 𝑥(𝜃) is non-decreasing in 𝜃 and

𝑉(𝜃) = 𝜃𝑥(𝜃) − 𝑡(𝜃) =𝑉(𝜃̃) +
∫ 𝜃

𝜃̃
𝑥(𝑠)𝑑𝑠, (EV)

for any 𝜃 and 𝜃̃, where we let 𝑉(𝜃) = 𝑉(𝜃;𝜃). Moreover, as in the classic

mechanism-design literature, we can use this equation under 𝜃̃ = 0 to rewrite

the revenue function,

E[𝑡(𝜃)] = E[𝑡(𝜃) +𝜋𝐿(𝜃)] = −𝑉(0) + E[𝜓(𝜃)𝑥(𝜃) +𝜋𝐿(𝜃)],

where 𝜓(𝜃) = 𝜃 − [1 − 𝐹(𝜃)]/ 𝑓 (𝜃) is the so-called virtual type function.

In a revenue-maximizing menu, optimality requires that individual rationality,

𝑉(𝜃) ≥ 0 for each type 𝜃, must hold with equality for some type 𝜃0. Given that

𝑉(𝜃0) = 0, the individual rationality can be rephrased as

https://econtheory.org
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𝑥(𝜃) ≥ 0 for 𝜃 > 𝜃0, and 𝑥(𝜃) ≤ 0 for 𝜃 < 𝜃0, (IR)

which follows from equation (EV) at 𝜃̃ = 𝜃0 and the monotonicity of 𝑥(𝜃). It is not

a priori obvious that the individual-rationality constraint binds at the lowest type,

because 𝑥 may in general take negative values and hence𝑉 need not be increasing.

That said, we show in the Appendix that (OB) implies that 𝑥 must be non-negative

and that (IR) binds at the lowest type.

Summarizing our discussion thus far, we arrive at the following observation

concerning the optimal revenue. Note that the first term in the objective function

is exactly equal to −𝑉(0).11

Lemma 1. The maximum revenue under a given partition 𝒫 is equal to the value

of the following problem:

max
𝜃0∈[0,1],𝜋𝜔:[0,1]→[0,1]

∫ 𝜃0

0
𝑥(𝜃)𝑑𝜃 +

∫ 1

0
(𝜓(𝜃)𝑥(𝜃) +𝜋𝐿(𝜃))𝑑𝐹(𝜃) (R)

subject to the constraints that

𝑥(𝜃) is non-decreasing in 𝜃, (IC)

𝜋𝜔(𝜃) = 𝜋𝜔(𝜃′) for all 𝜃,𝜃′ ∈ 𝑃 and 𝑃 ∈ 𝒫 , (F)

and the individual rationality (IR) and the obedience conditions (OB).

Two remarks are in order. First, although the partition 𝒫 does not appear in (IC),

feasibility (F) requires that 𝑥 be constant on each element 𝑃 ∈ 𝒫. Second, we allow

the same test to be offered on two distinct elements of the partition. That is, we

allow two tests with different labels to have the same properties.

11 The formulation here is related to Bergemann et al. (2018), which analyzes the problem of selling

experiments to a partially informed buyer who uses them to guide her own action. In particular,

the incentive compatibility constraint is closely related, describing how buyers with different private

information about the state select tests with different informational properties. The main difference

is obedience: in Bergemann et al. (2018), obedience is imposed directly on the buyer, whereas here

obedience is imposed on the receiver, who has different beliefs and incentives than the buyer.
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A novel aspect of our model is that the sender’s choice of a test carries a signaling

effect, influencing the set of obedience constraints through the partition 𝒫. In words,

the choice of a test itself provides the receiver with information that the sender has

about the state 𝜔. Thus, the shape of 𝒫 is not only critical for the certifier to screen

the sender types but also determines the sender’s flexibility in signaling her type

to the receiver. Hence, the problem we study has features of mechanism design,

Bayesian persuasion, and signaling.

We focus on measurable rules 𝜋 = (𝜋𝐻 ,𝜋𝐿) : [0,1] → [0,1]2
, which is necessary

for the certifier’s problem to be well-defined. We also need each element of the

partitions 𝒫 under consideration to be measurable. To ensure this, we take 𝒫
to be the level-set partition induced by 𝜋; that is, each element of 𝒫 is of the

form {𝜃 ∈ [0,1] | 𝜋(𝜃) = 𝜋̄} for some 𝜋̄ ∈ [0,1]2
. This entails no loss, because

whenever different elements of a partition are assigned the same test, we can pool

these types and construct a coarser partition, which weakly relaxes the obedience

conditions while leaving feasibility otherwise unchanged. Since 𝜋 is measurable,

the conditional law of𝜃 given𝜋 admits a regular version, i.e., a measurable selection

𝑚(𝜋̄) = E[𝜃 | 𝜋 = 𝜋̄]. We fix a version of the receiver’s conditional beliefs and

require the obedience conditions to hold almost surely with respect to the induced

distribution of selected 𝜋. 12

We say that a partition is monotone if each element in the partition is an interval,

i.e., is of a form {𝑎}, (𝑎, 𝑏), [𝑎, 𝑏], (𝑎, 𝑏], or [𝑎, 𝑏) for some 𝑎 ≤ 𝑏. Call a menu

monotone if it is feasible under a monotone partition. For any partition 𝒫, we write

𝒫∗
to be the finest coarsening of 𝒫 such that 𝒫∗

is monotone. Namely, 𝒫∗
is the

finest monotone partition such that for any 𝑃 ∈ 𝒫, there exists 𝑃∗ ∈ 𝒫∗
such that

𝑃 ⊂ 𝑃∗
.

It might be worth noting that 𝒫∗
is well-defined. Clearly, there exists a monotone

coarsening of 𝒫: {[0,1]}. Let (𝒫𝑖)𝑖∈𝐼 be the collection of all monotone coarsening

of 𝒫. Then, for each 𝑃 ∈ 𝒫, we can define a collection (𝑃𝑖)𝑖∈𝐼 such that 𝑃 ⊂ 𝑃𝑖 and

𝑃𝑖 ∈ 𝒫𝑖 for each 𝑖 ∈ 𝐼. Then, let 𝑃∗ =
⋂
𝑖∈𝐼 𝑃𝑖 . One can see that the induced partition

12 To simplify the exposition, we omit the almost-sure qualifier throughout the remainder of the

paper.
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𝒫∗ = {𝑃∗ |𝑃 ∈ 𝒫} is also a monotone coarsening of 𝒫. Moreover, it is a refinement

of every partition in the collection (𝑃𝑖)𝑖∈𝐼 .

3. Optimal Certification Design

The main theorem of our study characterizes the optimal menu. Henceforth,

we often abuse terminology and identify a menu with its tests alone, omitting

payments. This is without loss by revenue equivalence: the tests and the envelope

formula (EV) pin down payments up to a constant, which is fixed by binding

individual rationality.

Fix any two numbers 𝜃∗ and 𝜃∗
with 0 ≤ 𝜃∗ ≤ 𝜃∗ ≤ 𝜇. Let

𝑥∗ =
𝜇− 𝜇∗

𝜇(1 − 𝜇∗) and 𝜋𝐿𝜃 =
𝜃(1 − 𝜇)
𝜇− 𝜃

𝑥∗,

for each 𝜃 ∈ (𝜃∗,𝜃∗), where 𝜇∗ = E[𝜃 |𝜃 ≥ 𝜃∗].13 Then, consider a menu

(𝜋𝐻(𝜃),𝜋𝐿(𝜃)) =


(1,1 − 𝑥∗) if 𝜃 ∈ [𝜃∗,1],
(𝑥∗ +𝜋𝐿𝜃 ,𝜋

𝐿
𝜃) if 𝜃 ∈ [𝜃∗,𝜃∗),

(0,0) if 𝜃 ∈ [0,𝜃∗),
(OPT)

Write ℳ(𝜃∗,𝜃∗) for the menu (OPT). In this menu, the highest types 𝜃 ∈ [𝜃∗,1]
purchase a common test. Intermediate types 𝜃 ∈ [𝜃∗,𝜃∗) purchase different tests so

that their test selection perfectly reveals their private information. The lowest types

𝜃 ∈ [0,𝜃∗) purchase no test. We elaborate on the intuition behind the construction

of each term later. Figure 1 illustrates the menu.

Theorem 1. Menu ℳ(𝜃∗,𝜃∗) is optimal for some 0 < 𝜃∗ ≤ 𝜃∗ < 𝜇.

Before turning to the intuition behind Theorem 1, we provide several implications

of the result. First, the optimal partition is monotone; that is, it consists of intervals.

Corollary 1. The optimal partition is monotone.

Second, it is natural to interpret the free test (𝜋𝐻 ,𝜋𝐿) = (0,0) as an opt-out option,

i.e., purchasing no test. Under this interpretation, the optimal menu has a cutoff

13 Note that this menu is well-defined only when 𝜇∗ ≤ 𝜇, which implies 𝑥∗ ∈ [0,1].
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𝜃0

1

𝜃∗ 𝜃∗

𝑥(𝜃)

𝜋𝐿(𝜃)

𝜋𝐻(𝜃)

Figure 1. Menu ℳ(𝜃∗ ,𝜃∗).

structure: a sender of type 𝜃 purchases a test if and only if 𝜃 ≥ 𝜃∗. Moreover,

the differential informativeness of every test in the menu is a common constant

𝑥∗. Since sender types’ preferences differ only with respect to their valuation of

differential informativeness, whenever the sender chooses to purchase a test, she is

indifferent between all tests in the menu. The following corollary summarizes this

point.

Corollary 2. The optimal menu has the same differential informativeness across

all tests except the opt-out option (0,0). Every sender type that purchases a test is

therefore indifferent among them.

Corollary 2 also suggests that equilibria under the optimal menu need not be

unique. For example, holding all else equal, there exists another equilibrium in

which all middle types 𝜃 ∈ 𝐴 = [𝜃∗,𝜃∗) choose the test designed for type E[𝜃 |𝜃 ∈
𝐴]. By construction, the obedience constraint remains satisfied, i.e., the receiver

optimally follows the recommendations. Moreover, sender types in 𝐴 remain

indifferent across all options in the menu, and hence their choices are still optimal.
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This alternative equilibrium yields lower expected revenue than the truth-telling

equilibrium.14

Third, both 𝑥∗ and each 𝜋𝐿𝜃 are constructed such that the obedience constraint for

taking high action binds conditional on each test being chosen. This means that,

conditional on observing the sender’s choice and signal realizations, the receiver

always weakly prefers to take low action. Therefore, it is one of the optimal

strategies for the receiver to act as if she receives no information, and thus, the

receiver’s expected payoff is minimized among all menus.

Corollary 3. Under the optimal menu, the receiver’s expected payoff is zero con-

ditional on any chosen test and any signal realization.

Fourth, the optimal menu fully reveals the private information of all intermediate

types to the receiver while pooling the remaining two regions [0,𝜃∗) and [𝜃∗,1]. The

test sold to the highest element is a classic Bayesian persuasion test that maximizes

the sender’s surplus (excluding transfers) conditional on the sender’s type being

in interval [𝜃∗,1]: this test is part of the menu to create value for the sender.15 The

tests sold to lower types 𝜃 ∈ [𝜃∗,𝜃∗) are not classic Bayesian persuasion tests in that

these tests do not always recommend the high action in the high state. If they did,

the obedience constraint would require these tests to be more informative than the

test sold to high sender types to counter the receiver’s worse belief upon the sender

choosing a lower type’s test. This would conflict with incentive compatibility that

requires the lower types’ tests to have lower differential informativeness.

The optimal thresholds 𝜃∗ and 𝜃∗
balance the gains from increasing the sender’s

value, that is, the joint surplus of the certifier and the sender, against the gains from

limiting her information rents. Higher differential informativeness increases the

sender’s information rent because it makes her private information more relevant

14 However, note that the certifier is able to achieve a revenue arbitrarily close to the optimal revenue

using a menu where 𝑥(𝜃) strictly increases in 𝜃 on [𝜃∗ ,𝜃∗] and each sender type therefore strictly prefers

her equilibrium test over other tests.

15 By a "Bayesian persuasion test", we refer to a test that always recommends the high action in

the high state and does so in the low state with a probability that leaves the receiver indifferent upon

receiving the recommendation (see Kamenica and Gentzkow, 2011).
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for test selection. The certifier can increase the sender’s value by decreasing 𝜃∗
and

thus selling the Bayesian persuasion test to a greater set of types. However, lowering

𝜃∗
worsens the receiver’s belief conditional on the sender choosing the test of types

[𝜃∗,1] and therefore requires that test to be more differentially informative. The

resulting increase in information rents can be so large that the certifier’s revenue

falls even though the sender’s value increases. The certifier can also increase the

sender’s value by slightly decreasing 𝜃∗ and thereby selling “personalized” tests to

a larger set of types. But this raises differential informativeness at 𝜃∗ from 0 to 𝑥∗,

which in turn increases the information rents of all higher sender types. Indeed,

the certifier’s revenue from the menu ℳ(𝜃∗,𝜃∗) can be written as a linear functional

of 𝑥(𝜃), so that if 𝜓(𝜃∗) < 0, a marginal decrease in the cutoff 𝜃∗ reduces revenue.

Fifth, note that 𝜇∗ = E[𝜃 |𝜃 ≥ 𝜃∗] > 0 and therefore 𝑥∗ < 1. This means that the

optimal menu never contains a test that perfectly reveals the state, whose differential

informativeness must equal one. This contrasts with the result in Bergemann et al.

(2018), who show that the optimal menu always includes the fully informative test

when the information buyer uses the experiment to guide her own action. However,

our result is consistent with theirs in that the optimal menu contains a test that is

optimal for the information buyer. In particular, the test for the highest element

[𝜃∗,1] is sender-optimal in the classic Bayesian persuasion setting if the common

prior were given by 𝜇∗
. In this sense, we obtain the usual "no-distortion-at-the-top"

result familiar in the mechanism design literature.

Sixth, the price schedule of the tests that the certifier optimally offers is such

that the threshold type 𝜃∗ is indifferent whether to purchase a test. Given that the

information rent type 𝜃 > 𝜃∗ receives is∫ 𝜃

0
𝑥(𝑠)𝑑𝑠 =

∫ 𝜃

𝜃∗

𝑥(𝑠)𝑑𝑠 =
∫ 𝜃

𝜃∗

𝑥∗𝑑𝑠,

types 𝜃 > 𝜃∗ gain positive information rents if and only if 𝑥∗ > 0. We therefore

obtain the following corollary.

Corollary 4. Under the optimal menu ℳ(𝜃∗,𝜃∗), the sender’s expected payoff is

zero if and only if 𝑥∗ = 0, i.e., if and only if 𝜇∗ = 𝜇. In this case, we have 𝜃∗ = 𝜃∗
, and

ℳ(𝜃∗,𝜃∗) consists of a single test that always recommends the high action.
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The last observation in the corollary follows from noting that 𝜋𝜔(𝜃) = 0 for all

𝜃 < 𝜃∗
and 𝜔 ∈ {𝐿, 𝐻} if 𝑥∗ = 0.

When the certifier sells only a single test that always recommends the high

action, certification does not generate any additional information beyond what the

sender already knows. The sender’s sole choice to take the test is then informative

enough for the receiver to want to take the high action. Although the certifier may

optimally choose not to generate new information through the test outcome, the

optimal menu still always exploits the sender’s selection as an information channel:

only types above the strictly positive cutoff 𝜃∗ purchase a test.

Starting from a menu consisting of a single test that always recommends the high

action, and computing the certifier’s marginal revenue benefit from lowering the

threshold 𝜃∗ = 𝜃∗ and increasing the test’s differential informativeness accordingly,

we obtain a condition under which certification generates new information and the

sender obtains a positive surplus.

Proposition 1. Let 𝜃̂ be such that E[𝜃 |𝜃 ≥ 𝜃̂] = 𝜇. If

1 − 𝜃̂

𝜇
<

1 − 𝜇

𝜇− 𝜃̂
,

then the sender obtains a positive expected surplus under the certifier-optimal

menu.

Proposition 1 gives a condition under which the sender receives a positive surplus.

For example, in the case of uniform distribution, the condition of the proposition

can be written as 𝜇 > 2/3.

Finally, it is insightful to compare the revenue-maximizing menu to menus de-

signed with alternative objectives. Call a test (𝜋𝜔)𝜔∈{𝐿,𝐻} sender-optimal at belief 𝜇

if it maximizes sender 𝜇’s payoff 𝜇𝜋𝐻 + (1 − 𝜇)𝜋𝐿 subject to (OB) at 𝜇.

Proposition 2. A menu that maximizes the joint surplus of the certifier and the

sender consists of a single test such that

𝜋𝐻 = 1 and 𝜋𝐿 =
𝜉

1 − 𝜉

1 − 𝜇

𝜇
,
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which is purchased by all types 𝜃 ∈ [0,1]. This test is sender-optimal at belief 𝜉. A

menu that maximizes the receiver’s expected payoff consists of a single test such

that 𝜋𝐻 = 1 and 𝜋𝐿 = 0, which is purchased by all types 𝜃 ∈ [0,1].

The certifier’s and sender’s total surplus is maximized by a menu that consists

of a single Bayesian persuasion test. Intuitively, this menu maximizes their joint

surplus because it maximizes the probability that the receiver takes the high action.

This result also implies that the certifier could earn the highest revenue if she

could sell this test to each sender type at a price equal to the sender’s expected

payoff. However, different sender types have different willingness to pay and the

certifier cannot condition prices on private types; hence, full surplus extraction is

infeasible in this sense. The revenue-maximizing certifier sells heterogeneous tests

to a smaller set of types in order to screen private beliefs and charge a higher price.

A second natural benchmark is the receiver-optimal menu. This case is straight-

forward: because the receiver benefits from having as much information as possi-

ble, it is optimal from her perspective to sell a fully informative test to every type.

Proposition 2 verifies this intuition.

The receiver’s posterior belief distribution under the revenue-maximizing menu

is a mean-preserving contraction of the posterior distributions under each of the

two benchmarks.16 In this sense, the revenue-maximizing menu provides less

information to the receiver than the two benchmarks, as the certifier seeks to limit

the information rents of the sender.

3.1 Proof Sketch

The proof of Theorem 1 proceeds through a sequence of lemmas, some of which are

technical, in part because we must handle partitions with a continuum of elements

and some knife-edge cases. Accordingly, we provide a rough proof sketch here.

The first step is key, which shows that there exists an optimal partition that is

monotone. To illustrate an idea, consider any partition 𝒫 and any associated menu

16 Under the revenue-maximizing menu, the support of the receiver’s posterior belief distribution is

a subset of [0,𝜇]. Under the menu that maximizes the joint surplus of the certifier and the sender, the

support is {0,𝜇}. Under the menu that maximizes the receiver’s expected payoff, the support is {0,1}.
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(𝜋𝜔)𝜔∈Ω. If it is not monotone, there exists an interval 𝑃∗
that contains multiple

elements of 𝒫 whose convex hulls overlap. Hence, feasibility (F) and incentive

compatibility (IC) imply that the differential informativeness 𝑥 = 𝜋𝐻 −𝜋𝐿 has to be

constant on 𝑃∗
.

We then argue that the obedience constraint (OB) binds for every element 𝑃 ∈ 𝒫
contained in the interval 𝑃∗

. The logic is as follows. If𝜋𝐻(𝜃) < 1 for some 𝜃 ∈ 𝑃∗
, we

can increase both 𝜋𝐻(𝜃) and 𝜋𝐿(𝜃) by a constant, without changing 𝑥(𝜃). This does

not violate (IC) and increases revenue (R). Hence, by optimality, (OB) must bind for

the element that contains 𝜃. If instead 𝜋𝐻(𝜃) = 1, then unless (OB) binds, we can

force some of the lowest types in 𝑃∗
not currently choosing 𝜃’s test to choose that

test. Doing so weakly increases the conditional mean in every other interval and

therefore does not violate (OB) for any element in 𝑃∗
. Moreover, since 𝜋𝐻(𝜃) = 1

implies that 𝜋𝐿(𝜃) is the highest among the tests offered to the types in 𝑃∗
, this

increases revenue.

The discussion thus far shows that if 𝒫 is not monotone, then 𝑥(𝜃) has to be a

constant 𝑥 across overlapping elements and the obedience constraint for every such

element binds. These observations yield an expression for the revenue generated

from the interval 𝑃∗
when 𝑥 > 0:

𝑥 ·
{∫

𝜃∈𝑃∗
𝜓(𝜃)𝑑𝐹(𝜃) + E𝜇∼𝐺

[
𝜇(1 − 𝜇)
𝜇− 𝜇

]
· 𝐹(𝑃∗)

}
,

where 𝐺 is the distribution of interim beliefs 𝜇𝑃 = E[𝜃 |𝜃 ∈ 𝑃] conditional on the set

of elements 𝑃 ⊂ 𝑃∗
. The first term in the bracket does not depend on the shape of

the partition, whereas the second term depends on how we partition the interval

𝑃∗
.

The expression 𝜇/(𝜇 − 𝜇) inside the expectation operator is convex, because the

observation that (OB) binds for every element 𝑃 ⊂ 𝑃∗
suggests that the support of

𝐺 is bounded above strictly by 𝜇. Therefore, the certifier prefers a more dispersed

distribution of interim beliefs. This is interpreted as follows: since constant differ-

ential informativeness fixes the sender’s information rent, the certifier’s problem
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reduces to maximizing the sender’s value. Given the constraints on tests, more dis-

persed interim beliefs imply more dispersed receiver posteriors, which increases

the sender’s value when those beliefs do not exceed 𝜇.

We then show that a monotone partition of 𝑃∗
achieves greater dispersion by

fully separating bottom types and pooling the remaining top types so as to keep

the induced interim belief strictly bounded by 𝜇.17 Hence, the optimal partition is

monotone.

Therefore, it is without loss of generality to focus on monotone partitions. We

then begin with two small but important observations. First, for the highest element

of a monotone partition 𝑃 ∈ 𝒫, we have 𝜋𝐻(𝜃) = 1 for every 𝜃 ∈ 𝑃. This is because

we can show thatE[𝜓(𝜃)|𝜃 ≥ 𝜃∗] is non-negative for any𝜃∗
, and therefore increasing

𝜋𝐻(𝜃) for the highest element up to the limit weakly increases revenue (R). Second,

if 𝑥(𝜃) is constant over an interval [𝜃∗,1], then there must exist an element of the

partition 𝑃 ⊂ [𝜃∗,1] whose obedience constraint binds; otherwise, we can increase

𝜋𝐿(𝜃) for every type in the interval and raise revenue.18

The second step proves the bang-bang nature of differential informativeness. To

do so, we consider an interval [𝜃∗,𝜃∗] over which 𝑥(𝜃) ∈ (0, 𝑥(1)). We first show that

𝜋𝐻(𝜃) < 1 for every 𝜃 ∈ [𝜃∗,𝜃∗]; otherwise, given that obedience binds within the

top interval [𝜃∗,1], having 𝑥(𝜃) < 𝑥(1) implies a violation of obedience constraint

for the test offered to type 𝜃. This in turn implies that (OB) must bind for every

element 𝑃 ⊂ [𝜃∗,𝜃∗], because otherwise increasing 𝜋𝐻(𝜃) and 𝜋𝐿(𝜃) by the same

amount increases revenue. With (OB) binding throughout, we can embed it into the

revenue and reduce the problem to a linear program with a monotonicity constraint

and other minor constraints such as feasibility. Then, a maximizer is an extreme

point, which is a step function: 𝑥(𝜃) ∈ {0, 𝑥(1)} for all 𝜃 ∈ [𝜃∗,𝜃∗].

17 The induced conditional distribution takes the form of upper censorship as in Kolotilin et al. (2022).

They show in general that upper censorship is optimal when the objective function is S-shaped. Here,

though, the technical reason for pooling the top types is that it is optimal to have the obedience constraint

binding for all tests, and this can only happen (with 𝑥 > 0) if the interim beliefs fall below 𝜇.

18 A slightly more involved argument is needed when the interval contains infinitely many elements

and the obedience constraint binds only asymptotically in the limit; we treat this case in the Appendix.
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In the third step, we show that the obedience binds for every element of a

monotone partition. The idea is similar to the discussion above. If 𝜋𝐻(𝜃) < 1, we

can increase both 𝜋𝐻(𝜃) and 𝜋𝐿(𝜃) by the same amount unless the obedience binds,

which increases revenue. If 𝜋𝐻(𝜃) = 1 and obedience were slack, the certifier could

profitably invite additional types to choose the corresponding (most expensive)

test, as in the first step of the proof.

The discussion thus far shows that, in the optimal menu, the associated partition

is monotone, no test is sold to types on [0,𝜃∗), and on [𝜃∗,1] the differential in-

formativeness is constant and the obedience constraint binds for every element of

the partition. Hence, on [𝜃∗,1] we again obtain the same expression for revenue as

in the first step of this proof sketch, which implies that the optimal partition fully

separates intermediate types [𝜃∗,𝜃∗). The shape of the objective function further

implies that we should exclude bottom types, as in standard auction problems, and

hence 𝜃∗ > 0. Finally, the top types must be pooled so that the obedience constraint

binds, which in particular requires 𝜃∗ < 𝜇. These observations lead to the menu in

Theorem 1.

4. Discussion: Unobservable Test Choice

In the main analysis, we assumed the sender’s test choice to be observable to the

receiver. While this restriction mostly aligns with our leading applications, some

details about the sender’s selection might sometimes be concealed. For example, in

contexts where a test can be taken multiple times, information about the number

of attempts is not always disclosed to the receiver. Motivated by this observation,

we now show that the certifier can benefit from hiding the sender’s test choice and

designing the menu accordingly.

In this model variation, it is without loss to focus on menus in which signals

are action recommendations that the receiver wants to obey, containing no further

information about the test choice.19 The constraint that the certifier faces when

19 If there were several signals containing arbitrary additional information about the sender’s selection

but leading to the same receiver’s action, these could be combined into one action recommendation

without affecting the receiver’s willingness to choose the same action.
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designing a menu that assigns tests (𝜋𝐻 ,𝜋𝐿) to different types is then the following

aggregate obedience constraint:

E[𝜃(1 −𝜋𝐻(𝜃))]
E[𝜃(1 −𝜋𝐻(𝜃)) + (1 − 𝜃)(1 −𝜋𝐿(𝜃))]

≤ 𝜇 ≤ E[𝜃𝜋𝐻(𝜃)]
E[𝜃𝜋𝐻(𝜃) + (1 − 𝜃)𝜋𝐿(𝜃)]

. (AOB)

The certifier solves the following problem. It is analogous to Lemma 1 in Section 2,

but now has the aggregate obedience constraint in place of the obedience constraint

for each partition element.

Lemma 2. Suppose that the test choice is not observable to the receiver. The maxi-

mum revenue is equal to the value of the following problem:

max
𝜃0∈[0,1],𝜋𝜔:[0,1]→[0,1]

∫ 𝜃0

0
𝑥(𝜃)𝑑𝜃 +

∫ 1

0
(𝜓(𝜃)𝑥(𝜃) +𝜋𝐿(𝜃))𝑑𝐹(𝜃),

subject to (IC), (AOB), and (IR), where 𝑥(𝜃) = 𝜋𝐻(𝜃) −𝜋𝐿(𝜃).

Note that any menu that satisfies (F) and (OB) also satisfies (AOB). Therefore,

when the tests are not observed by the receiver, the maximum expected revenue is

weakly higher compared to the original model wherein the tests are observed by

the receiver.

We find that when virtual value 𝜓 is concave, revenue-maximizing certification

design indeed depends on the observability of the test selection. In this case, when

test choice can be hidden, it becomes optimal to sell two tests: (i) the highest sender

types purchase a fully informative test that recommends the high action only in the

high state, and (ii) intermediate types purchase a test that guarantees a high-action

recommendation in both states.

Proposition 3. Suppose the sender’s test choice is not observed by the receiver. If

𝜓(𝜃) is concave in 𝜃, there exist 𝜃 and 𝜃 with 𝜃 < 𝜃 such that

(𝜋𝐻(𝜃),𝜋𝐿(𝜃)) =


(1,0) if 𝜃 ≥ 𝜃,

(1,1) if 𝜃 ≥ 𝜃 ≥ 𝜃,

(0,0) if 𝜃 ≥ 𝜃
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maximizes (R) subject to (IC), (AOB), and (IR). If 𝜓(𝜃) is strictly concave in 𝜃, any

optimal menu takes this form, differing by a measure-zero set.

We derive the solution by considering a relaxed problem without the incentive

compatibility constraint (IC). However, the aggregate obedience constraint (AOB),

which relates tests between different types, remains in place. In the proof, we adopt

a general Lagrangian approach in Luenberger (1969) and construct an allocation

that maximizes the Lagrangian pointwise.

The concavity assumption ensures that a Lagrange multiplier consistent with

(AOB) can be found and that the pointwise maximizer satisfies (IC). Examples of

distributions on the unit interval with a concave virtual value 𝜓(𝜃) include distri-

butions with a linearly increasing density function as well as power distributions

𝐹(𝜃) = 𝜃𝑎 for 𝜃 ∈ [0,1] with parameter 𝑎 ≥ 1. Note that a limiting case of both of

these classes of distributions is the uniform distribution, where 𝜓(𝜃) is linear.

The most expensive test in the menu of Proposition 3 is the one that guarantees

a high-action recommendation in both states and is purchased by the intermediate

types. These types choose it instead of the cheaper, fully informative test because

they are not confident enough about the state being high. The aggregate obedience

constraint is binding: upon receiving a high-action recommendation, the receiver

is indifferent whether to obey. If she knew that the recommendation came from

the test that always gives such a recommendation, she would not want to obey; if

she knew that it came from the fully informative test, she would strictly prefer the

high action. Figure 2 illustrates the optimal menu.

We can also regard the certifier as selling a grade, namely a recommendation that

induces the high action, whose informational content is determined endogenously

by equilibrium self-selection across menu options. Under the optimal menu in the

proposition, the certifier sells a guaranteed high grade to middle types. To keep

this grade credible to the receiver, the certifier relies on top types’ demand for the

test (1,0) that gives the high grade only when the state is high.

An additional motivation for the model variation considered in this section is

that even though the receiver might observe the test choice of the sender, she might

face restrictions on the use of that information. For instance, consider a defendant
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𝜃0

1

𝜃 𝜃

𝜋𝐿(𝜃)

𝜋𝐻(𝜃)

Figure 2. Menu in Proposition 3.

with private information about her guilt who hires an attorney to convince a jury

of her innocence. The defendant’s preference between an expensive service that

might get a guilty defendant released and a less expensive service that is unlikely

to achieve this could reasonably depend on her private information. However, the

jury may not be allowed to consider such information when assessing guilt.

In two cases, the certifier could be indifferent whether the test choice is ob-

servable. First, the certifier is indifferent when the revenue-maximizing menu of

the observed-choice model described in Theorem 1 coincides with the revenue-

maximizing menu of the unobserved-choice model described in Proposition 3.

However, this can happen only in the special case where the menu consists of a

single test that always recommends the high action. Proposition 1 gives a sufficient

condition under which such a menu is not optimal in the original model and hence

the menus do not coincide. Second, the certifier might be indifferent when the

menu described in Proposition 3 is not uniquely optimal, which can happen when

the virtual value 𝜓 is not strictly concave. For instance, with uniformly distributed

𝜃 and 𝜇 > 2/3, there are multiple optimal menus under unobservable test choice,

one of which coincides with the optimal menu under observable test choice, and

so the certifier does not strictly benefit from unobservability.
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Outside of these cases, the certifier strictly benefits from unobservability of the

sender’s test choice. Methodologically, this means that one cannot solve the original

problem by relaxing the obedience constraints (OB) to a single aggregate obedience

condition (AOB) to remove the dependence of the constraints on the partition; that

relaxation can yield a menu that is infeasible when test choice is observable.

Finally, it is worth noting that Chopra and Ely (2025) study a related model in

which the receiver does not observe the sender’s test choice, as we do here. In their

college admissions application, they examine the same payoff specification as ours

and, using an independent technique, obtain the same qualitative characterization

of the optimal menu as our Proposition 3, under a slightly different assumption on

the distribution of sender types.

5. Conclusion

Revenue-maximizing certification design is shaped by the fact that the receiver

gains information through two channels: the intrinsic informativeness of the tests

and the sender’s test choice, which may reveal part of her private information.

Consequently, the model combines elements of mechanism design, Bayesian per-

suasion, and signaling. We tackle this issue by decomposing the optimization

problem into two steps, holding the signaling channel fixed in the second-stage

optimization.

The interaction between the sender’s incentive compatibility constraint and the

receiver’s obedience constraint results in the optimality of a menu with a monotone

cutoff structure. The sender purchases a test if her belief exceeds a lower threshold.

All sender types above an upper threshold purchase a common expensive test,

whereas intermediate types choose fully separating tests. Every test in the menu

has the same differential informativeness, which implies that those who choose

a test are indifferent among all options in the menu. The receiver’s obedience

constraint for taking the high action binds conditional on any test being chosen,

implying that the optimal menu minimizes the receiver’s surplus.
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The model is stylized compared to real-world situations that often involve many

receivers, multiple actions, and senders who are heterogeneous in several dimen-

sions. The advantage of our simple model is that it allows us to precisely character-

ize the optimal menu and highlight forces that are likely present in more complex

settings. Yet, these limitations present possible avenues for future research on the

topic.

Appendix A: The Outside Option

In the model section, we assume that the value of the outside option is zero.

However, in certain equilibria, the expected mean of the sender types who forgo

test may exceed the threshold 𝜇, in which case the sender’s expected payoff from

not purchasing any test is positive.

We demonstrate that this assumption entails no loss of optimality. Suppose that

when the sender chooses not to purchase any test, this decision is observed by

the receiver, who then updates her belief about the state and chooses an action

accordingly. The value of the outside option is determined by which action the

receiver will take.

To avoid confusion, we return to the basic setup and prove the lemma without

recourse to a set of observations derived in subsection 2.1.

Lemma 3. In any certifier-optimal equilibrium, the sender’s expected payoff from

not purchasing any test is zero.

Proof. Consider an arbitrary menu ℳ = {(𝐸𝜆 , 𝑡𝜆)𝜆∈Λ} with some space Λ, along

with any equilibrium associated with it. Let 𝑝 denote the probability that the

receiver takes the high action conditional on no test being chosen. Note that the

sender’s expected payoff from not purchasing any test is 𝑝, which is independent

of the sender’s type.

Suppose on the contrary that the expected payoff from not purchasing any test

is strictly positive, that is, 𝑝 > 0. Consider an alternative menu

ℳ∗ = {(𝐸𝜆 , 𝑡𝜆 + 𝑝)𝜆∈Λ} ∪ {(𝐸∅, 𝑝)},
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where 𝐸∅ = ({∅},𝜋∅) with 𝜋∅ : Ω→ {∅} is a fully uninformative test. Under this

menu, consider the following strategies: If a sender of type 𝜃 did not purchase

any experiment in the original menu ℳ, we assign 𝜃 to select (𝐸∅, 𝑝) from the

menu ℳ∗
. If type 𝜃 selected some (𝐸𝜆 , 𝑡𝜆) in the original menu, we assign 𝜃 to

choose (𝐸𝜆 , 𝑡𝜆 + 𝑝) in the new menu. The receiver’s belief and strategy, conditional

on observing an experiment 𝐸𝜆 from the original menu, are defined in a similar

manner. If the receiver observes 𝐸∅, she takes the high action with probability 𝑝.

Finally, if no test is chosen, the receiver is assigned a belief of 0 and never takes the

high action.

Note that under the original menu, every sender type must receive an expected

payoff that is at least 𝑝. Thus, under the alternative menu, no sender type has an

incentive to deviate by choosing no test, as this would result in a payoff of zero. It

is also straightforward to verify that no sender type has an incentive to purchase

a different test from the menu. Moreover, since every sender type buys some test,

the receiver’s strategy is also optimal. Consequently, the alternative menu admits

an equilibrium that generates an expected revenue higher than that of the original

menu, leading to a contradiction. □

In the proof, although we set the off-path belief following no test purchase to be

degenerate at 0, the argument remains valid as long as the expected type under

the off-path belief is below the threshold 𝜇 so that the receiver takes the low

action. In particular, this implies that our equilibrium outcome survives the D1

criterion of Banks and Sobel (1987). The logic is as follows. As Lemma 5 and the

envelope condition (EV) imply, the sender’s expected payoff𝑉(𝜃) is non-decreasing

in type in equilibrium. Therefore, the set of receiver actions following the off-path

observation such that sender type𝜃 would prefer to deviate is decreasing in𝜃 under

set inclusion. The D1 criterion thus requires the off-path belief to have support over

arg min𝜃𝑉(𝜃), which takes a form [0,𝜃∗] for some threshold 𝜃∗. In particular, the

belief equal to the prior conditional on [0,𝜃∗] satisfies the D1 criterion. By our

assumption E[𝜃] < 𝜇, we have E[𝜃 |𝜃 ≤ 𝜃∗] < 𝜇 under such a off-path belief, and

hence the receiver is still willing to take the low action on this off-path history.
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Appendix B: Mixed-Strategy Equilibria

In the main analysis, we focus on equilibria in which the sender uses a pure strategy.

We now show that, for any finite menu, any revenue generated by an equilibrium

with sender randomization can also be generated by a pure-strategy equilibrium

of the same menu.

Lemma 4. Fix any finite menu and any associated equilibrium, possibly with sender

randomization. There exists a pure-strategy equilibrium of the same menu that

generates the same expected revenue.

Proof. Let 𝑆 be the set of options chosen by the sender with positive probability.

Note that all options in 𝑆 that share a differential informativeness must share an

effective price 𝑡 = 𝑡 −𝜋𝐿, and every type is indifferent among them.

Partition 𝑆 into finitely many classes 𝑆1, . . . , 𝑆𝐾 by differential informativeness,

with 𝑥1 < · · · < 𝑥𝐾 . Sender incentive compatibility yields cutoffs

0 = 𝜃0 ≤ 𝜃1 ≤ · · · ≤ 𝜃𝐾 = 1

such that for 𝜃 ∈ (𝜃𝑘−1,𝜃𝑘), only options in 𝑆𝑘 are optimal and options outside 𝑆𝑘

are strictly suboptimal, so any randomization by these types occurs only within 𝑆𝑘 .

On each interval (𝜃𝑘−1,𝜃𝑘), any randomized assignment of types to the finitely

many options in 𝑆𝑘 can be replaced by a deterministic assignment that preserves,

for each option, both the mass and the mean type of the types choosing it, by

Theorem 2.1 of Dvoretzky et al. (1951), applied with the two measures 𝑑𝐹(𝜃) and

𝜃 𝑑𝐹(𝜃). Boundary types {𝜃1, . . . ,𝜃𝐾−1} have measure zero and can be assigned to

any optimal option. The receiver’s obedience, the sender’s incentive compatibility,

and the certifier’s revenue are preserved. □

Theorem 2.1 of Dvoretzky et al. (1951) applies to finite action sets, so the argument

does not directly extend to arbitrary menus. We conjecture, however, that equilibria

with sender randomization do not give the certifier a strictly greater revenue than

pure-strategy equilibria even when infinite menus of tests are allowed.
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Appendix C: Proofs

C.1 Proof of Theorem 1

Since the proof is long, we provide a roadmap here: The first three lemmas,

Lemmas 5, 6, and 7, are preliminary observations that rule out certain extreme

cases. Lemma 8 is key, as it shows that a monotone partition is optimal. Lemmas

9 and 10 address top elements and establish that we can assume there exists at

most one element in the partition whose conditional mean exceeds the threshold 𝜇,

and this element is assigned a test that always induces the high action in the high

state. A second key result, Lemmas 11 and 12, establishes the bang-bang nature

of differential informativeness. Then, Lemmas 13 and 14 show that the obedience

constraint binds for every test. Finally, Lemma 15 finds the optimal shape of the

partition and completes the proof.

Throughout the proof, we solve a relaxed problem. First, we exclude the first,

negative term −𝑉(0) from the objective function. The solution will eventually

satisfy 𝑉(0) = 0, and therefore, this assumption loses no generality. Second, we are

also agnostic about the obedience constraint for taking low action. Again, it turns

out to be without loss of generality.

In summary, the problem we solve in the proof is described as follows. We choose

a partition 𝒫 and a menu (𝜋𝜔)𝜔∈{𝐿,𝐻} that maximize

𝑅 =

∫ 1

0
(𝜓(𝜃)𝑥(𝜃) +𝜋𝐿(𝜃))𝑑𝐹(𝜃) (R)

=

∫ 1

0
(𝜓(𝜃)𝜋𝐻(𝜃) + (1 −𝜓(𝜃))𝜋𝐿(𝜃))𝑑𝐹(𝜃),

subject to the constraints that

𝑥(𝜃) is non-decreasing in 𝜃, (IC)

𝜋𝜔(𝜃) ∈ [0,1], (D)

𝜇 · (𝜇𝑃𝜋𝐻(𝜃) + (1 − 𝜇𝑃)𝜋𝐿(𝜃)) ≤ 𝜇𝑃𝜋
𝐻(𝜃), (OB-H)

𝜋𝜔(𝜃) is constant on 𝑃, (F)
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for each 𝜃 ∈ 𝑃 ∈ 𝒫 and 𝜔 ∈ {𝐿, 𝐻}, where 𝑥(𝜃) = 𝜋𝐻(𝜃) − 𝜋𝐿(𝜃) and 𝜇𝑃 = E[𝜃 |𝜃 ∈
𝑃]. Note that revenue 𝑅 is increasing in 𝜋𝐿(𝜃) for a fixed 𝑥(𝜃). Moreover, since

𝜓(𝜃) ≤ 𝜃 ≤ 1, revenue is also increasing in 𝜋𝐿(𝜃) for a fixed 𝜋𝐻(𝜃).
From now on, we simplify our terminology and call (OB-H) the obedience con-

straint. The obedience constraint binds if (OB-H) holds with equality. We say that

a menu is feasible under partition 𝒫 if it satisfies all these four constraints under 𝒫.

To simplify notation, for each menu (𝜋𝜔)𝜔∈{𝐿,𝐻} that is feasible under a partition

𝒫, we write 𝜋𝜔
𝑃
= 𝜋𝜔(𝜃) for 𝜔 ∈ {𝐿, 𝐻}, 𝜃 ∈ 𝑃, and 𝑃 ∈ 𝒫.

To further simplify the problem, we provide preliminary lemmas. By this lemma,

we will focus on menus (𝜋𝜔)𝜔∈{𝐿,𝐻} under which 𝑥(𝜃) ∈ [0,1] for all 𝜃 for the rest

of the proof.

Lemma 5. For any feasible (𝜋𝜔)𝜔∈{𝐿,𝐻}, we have 𝜋𝐻(𝜃) −𝜋𝐿(𝜃) ≥ 0 for all 𝜃.

Proof. Consider any 𝜃 ∈ [0,1]. Suppose that 𝜋𝐻(𝜃) < 𝜋𝐿(𝜃). Then, the obedience

constraint (OB-H) implies that

𝜇 ≤ 𝜇𝑃𝜋
𝐻(𝜃)

𝜇𝑃𝜋
𝐻(𝜃) + (1 − 𝜇𝑃)𝜋𝐿(𝜃)

<
𝜇𝑃𝜋

𝐻(𝜃)
𝜇𝑃𝜋

𝐻(𝜃) + (1 − 𝜇𝑃)𝜋𝐻(𝜃)
= 𝜇𝑃 ,

Now, suppose that there exists 𝜃 ∈ [0,1] such that 𝑥(𝜃) < 0. Let 𝐴 ⊂ [0,1] be

the interval under which 𝑥(𝜃) takes the minimal value, which is well-defined as

(IC) implies min 𝑥(𝜃) = 𝑥(0). Summing up the above inequalities for elements in

𝐴 with weight 𝑓 , we obtain 𝜇 < 𝜇𝐴. However, since 𝐴 is an interval including the

left-end point 0, 𝜇𝐴 ≤ E[𝜃] must hold. Therefore, we obtain 𝜇 < E[𝜃], which is a

contradiction to our assumption 𝜇 ≥ E[𝜃]. □

In the proofs of the remaining lemmas, we often pool elements of a given partition

and construct a coarser partition. We briefly note here that this operation preserves

measurability. Indeed, recall that the conditional mean 𝑚(𝜋) = E[𝜃 | 𝜋(𝜃) = 𝜋]
admits a measurable version, and hence the function 𝑔(𝜃) =𝑚(𝜋(𝜃)) is measurable.

The pooled sets we consider below will always be of the form

⋃{𝑃 ∈ 𝒫 | 𝜇𝑃 ∈ 𝐵}
for some Borel set 𝐵. Since we take 𝒫 as the level sets of the test function 𝜋, this
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set can be written as 𝑔−1(𝐵) and is therefore measurable. Thus each element of the

coarser partition admits a well-defined conditional mean.

The next lemma will be used to address the minor case in which a partition 𝒫
contains multiple elements 𝑃 whose conditional means exceed the threshold, i.e.,

𝜇𝑃 ≥ 𝜇. At a high level, it shows that, without loss of generality, we can pool these

elements into a single element.

Lemma 6. Take any feasible menu (𝜋𝜔)𝜔∈{𝐿,𝐻} under a partition 𝒫. Suppose there

exists 𝑃∗ ∈ 𝒫∗
such that 𝑥(𝜃) = 𝜋𝐻(𝜃) − 𝜋𝐿(𝜃) > 0 is constant on 𝑃∗

, and that there

exists an element 𝑃 ∈ 𝒫 with 𝑃 ⊂ 𝑃∗
and 𝜇𝑃 ≥ 𝜇. Then there exists another menu

that is feasible under the partition

𝒫 = {𝑃 ∈ 𝒫 | 𝑃 ∩ 𝑃∗ = ∅} ∪ 𝒫̃

and yields weakly higher revenue, where either 𝒫̃ = {𝑃∗} or 𝜇𝑄 < 𝜇 for almost

every 𝑄 ∈ 𝒫̃.20

Proof. Let 𝑃 ⊂ 𝑃∗
be the union of all elements 𝑄 ⊂ 𝑃∗

such that 𝜇𝑄 ≥ 𝜇. If 𝑃∗

is a singleton, then we have 𝑃 = 𝑃∗
by assumption, and the statement holds with

𝒫̃ = {𝑃∗}. Therefore, assume 𝑃∗
is a non-singleton interval, which has a positive

measure. The statement is also obvious if 𝑃∗
and 𝑃 differ by only a zero-measure

set, in which case 𝜇𝑃∗ = 𝜇𝑃 ≥ 𝜇: In this case, the obedience constraint never binds

even under an alternative menu such that, keeping all else equal, we let types 𝜃 ∈ 𝑃∗

choose a test (1,1 − 𝑥(𝜃)). Since 𝑥(𝜃) is constant on 𝑃∗
and 𝜋𝐻(𝜃) ≤ 1, this menu

achieves a weakly higher revenue and is feasible under a partition 𝒫 with 𝒫̃ = {𝑃∗},
completing the proof. Hence, assume that there exists a union of other elements

𝑄∗ ⊂ 𝑃∗
which has a positive measure.

Let 𝑥 = 𝑥(𝜃) for any 𝜃 ∈ 𝑃∗
(well-defined since 𝑥(𝜃) is constant on 𝑃∗

). Consider

any element 𝑃1 ⊂ 𝑃. Note that increasing 𝜋𝐿
𝑃1

and 𝜋𝐻
𝑃1

by a common amount

increases revenue. Moreover, 𝜇𝑃1 ≥ 𝜇 implies that (OB-H) for element 𝑃1 never

binds, and therefore, we can assume without loss of optimality that 𝜋𝐻
𝑃1

= 1. Since

20 When we say that a property holds for almost every element of a partition of a set 𝑆, we mean that

the union 𝑈 of the elements satisfying this property has full measure in 𝑆, i.e., 𝐹(𝑆 \𝑈) = 0.
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𝑥(𝜃) is constant on 𝑃, this means that every element in 𝑃 chooses the same test

(1,1 − 𝑥) and we can pool them. Therefore, assume 𝑃 ∈ 𝒫 and 𝜋𝐻
𝑃
= 1, 𝜋𝐿

𝑃
= 1 − 𝑥.

If 𝐹(𝑃) = 0, then we have 𝜇𝑄 < 𝜇 for almost all 𝑄 ∈ 𝒫 such that 𝑄 ⊂ 𝑃∗
, which

completes the proof. Therefore, assume 𝐹(𝑃) > 0.

Take a small, positive-measure subset Δ ⊂ 𝑄∗
such that any point in Δ is smaller

than any point in 𝑄∗ \Δ. Then, consider an alternative menu such that, keeping all

else equal, we let types in Δ choose the same test as element 𝑃. Again, it is trivial

to see that the resulting menu satisfies all constraints other than (OB-H) under the

resulting partition. Given that 𝜋𝐻
𝑃
= 1, 𝜋𝐿

𝑃
= 1− 𝑥 < 1 and 𝜇𝑃 ≥ 𝜇, the original menu

satisfies (OB-H) for element 𝑃 with strict inequality. Therefore, if Δ is sufficiently

small, the change of 𝜇𝑃 is also small, hence (OB-H) for element 𝑃 ∪ Δ. Moreover,

(OB-H) for any element in 𝑄∗ \Δ is also kept satisfied by the construction of Δ.

Finally, given that 𝑥(𝜃) is constant on 𝑃∗
and 𝜋𝐿

𝑃
≥ 𝜋𝐿

𝑄
for all𝑄 ⊂ 𝑄∗

, the resulting

menu achieves a weakly higher revenue. We can do this procedure as long as

𝜇𝑃 ≥ 𝜇. This completes the proof. □

We need another preliminary lemma which deals with an extreme case.

Lemma 7. Take any feasible menu (𝜋𝜔)𝜔∈{𝐿,𝐻} under partition 𝒫. Suppose there

exists 𝑃∗ ∈ 𝒫∗
such that 𝑥(𝜃) = 𝜋𝐻(𝜃) − 𝜋𝐿(𝜃) = 0 for all 𝜃 ∈ 𝑃∗

. Then, there exists

another menu that is feasible under partition 𝒫 = {𝑃 ∈ 𝒫|𝑃 ∩ 𝑃∗ = ∅} ∪ 𝒫̃ and

achieves a weakly higher revenue, such that 𝒫̃ is monotone.

Proof. Let 𝑃1 be the union of all elements 𝑃 ⊂ 𝑃∗
such that 𝜇𝑃 < 𝜇. Let 𝑃2 = 𝑃

∗ \𝑃1.

Then, (OB-H) implies that 𝜋𝐻(𝜃) = 𝜋𝐿(𝜃) = 0 for all 𝜃 ∈ 𝑃1. This means that all

types in 𝑃1 choose the same test. Hence, assume without loss of generality that

𝑃1 ∈ 𝒫. Moreover, (OB-H) never binds for elements 𝑃 ⊂ 𝑃2. Therefore, we can

weakly increase revenue by setting 𝜋𝐻(𝜃) = 𝜋𝐿(𝜃) = 1 for all 𝜃 ∈ 𝑃2. Hence, assume

without loss of generality that 𝑃2 ∈ 𝒫.

It remains to show that we can replace 𝑃1 and 𝑃2 by intervals without lowering

revenue. Note that the revenue obtained from region 𝑃∗
is given by 𝐹(𝑃2). If

𝜇𝑃∗ ≥ 𝜇, we can let all types in 𝑃∗
choose the test (1,1), which weakly increases

revenue and completes the proof. Hence, assume 𝜇𝑃∗ < 𝜇.
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Now consider the problem of choosing a function 𝑔 : 𝑃∗ →[0,1] that solves

max
𝑔

∫
𝑃∗
𝑔(𝜃)𝑑𝐹(𝜃) subject to

∫
𝑃∗
𝑔(𝜃)(𝜃 − 𝜇)𝑑𝐹(𝜃) ≥ 0.

Then, it follows from the necessity theorem of Luenberger (1969) that the solution

𝑔 maximizes the Lagrangian21

ℒ =

∫
𝑃∗
𝑔(𝜃) {1 +𝜆𝜃 −𝜆𝜇} 𝑑𝐹(𝜃).

Clearly, we have 𝑔(𝜃) = 1 in the solution if and only if 𝜃 is greater than some

threshold 𝜃∗
. Hence, the solution 𝑔 is an indicator function: 𝑔(𝜃) = I{𝜃 ∈ 𝑃},

where 𝑃 = {𝜃 ∈ 𝑃∗ |𝜃 ≥ 𝜃∗}. However, the function 𝑔(𝜃) = I{𝜃 ∈ 𝑃2} corresponding

to the original menu is feasible for this problem. Therefore, the solution above

gives weakly higher revenue and induces a monotone partition, completing the

proof. □

The next lemma shows that every non-monotone menu can be replaced with a

monotone menu and raise revenue. Since the proof relies on a similar technique

that appears in the proofs of the other results, we defer the proof of this lemma to

the end for exposition.

For two cumulative distribution functions 𝐺 and 𝐻 over an interval [𝜃,𝜃], we

say that 𝐺 is a mean-preserving contraction of 𝐻 if they have a common mean and∫ 𝑥

𝜃
𝐺(𝜃)𝑑𝜃 ≤

∫ 𝑥

𝜃
𝐻(𝜃)𝑑𝜃

for all 𝑥 ∈ [𝜃,𝜃]. In this case, it is well-known that the expectation of any convex

function is larger under distribution𝐻 than under distribution 𝐺: see, for example,

Section 3.A in Shaked and Shanthikumar (2007).

Lemma 8. For any non-monotone menu, there exists a monotone menu that achieves

a weakly higher revenue.

21 See Lemma 16 below for a formal statement. The objective function is a bounded linear functional

of 𝑔𝑃 , and since 𝜇𝑃∗ < 𝜇, the conditions of the lemma clearly hold.
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Proof. Consider any non-monotone partition 𝒫. Then 𝒫 ≠ 𝒫∗
, and therefore there

exists an interval 𝑃∗ ∈ 𝒫∗
that contains a non-convex set 𝑃 ∈ 𝒫. Let {𝑃𝜆}𝜆∈Λ ⊂ 𝒫 be

a collection of elements such that ⋃
𝜆∈Λ

𝑃𝜆 = 𝑃
∗,

where Λ ⊂ R is any index space. Note that 𝑃∗
has a strictly positive measure by

assumption.

Take any menu (𝜋𝜔)𝜔∈{𝐿,𝐻} that is feasible under a given partition 𝒫. Let 𝑥(𝜃) =
𝜋𝐻(𝜃) − 𝜋𝐿(𝜃). For any 𝜃 ∈ 𝑃∗

, there must exist an element 𝑃𝜃 ≠ {𝜃} in 𝒫 whose

convex hull includes 𝜃; otherwise, every element of 𝒫 would lie entirely either to

the left or to the right of 𝜃, contradicting the minimality of 𝒫∗
. Moreover, if 𝜃 is in

the interior of 𝑃∗
, then 𝑃𝜃 ≠ {𝜃} implies that there exists an open interval 𝐼𝜃 ⊂ 𝑃∗

containing 𝜃 such that 𝑥 is constant on 𝐼𝜃.

Now we claim that 𝑥 is constant on 𝑃∗
. Let (𝑃∗)◦ be the interior of 𝑃∗

. Pick

any point 𝜃0 ∈ (𝑃∗)◦ and let 𝐼∗ ⊂ (𝑃∗)◦ be the set of all types 𝜃 ∈ (𝑃∗)◦ such that

𝑥(𝜃) = 𝑥(𝜃0). Since 𝑥 is non-decreasing by (IC), 𝐼∗ is an interval. By the argument

above, for any type 𝜃 ∈ 𝐼∗ there exists an open interval 𝐼𝜃 with 𝐼𝜃 ⊂ 𝐼∗, and therefore

𝐼∗ is open. However, the same logic implies that (𝑃∗)◦ \ 𝐼∗ is also open. Hence, we

must have 𝐼∗ = (𝑃∗)◦, i.e., 𝑥 is constant on (𝑃∗)◦. Moreover, for any point 𝜃 ∈ 𝑃∗
on

the boundary of 𝑃∗
(if any), the argument in the above paragraph implies that the

convex hull of an element 𝑃𝜃 ∈ 𝒫 that includes 𝜃 has a non-empty intersection with

(𝑃∗)◦. Hence, 𝑥 is constant on 𝑃∗
.

Let 𝜋𝜔
𝜆 = 𝜋𝜔(𝜃), 𝑥𝜆 = 𝜋𝐻𝜆 − 𝜋𝐿𝜆, and 𝜇𝜆 = E[𝜃 |𝜃 ∈ 𝑃𝜆] for each 𝜃 ∈ 𝑃𝜆 and 𝜆 ∈ Λ.

Assume without loss of generality that 𝜋𝐿𝜆 is increasing in 𝜆. If 𝜋𝐿𝜆 = 𝜋𝐿𝜂 for some

𝜆,𝜂 ∈ Λ, then 𝑥𝜆 = 𝑥𝜂 implies that the tests sold to these elements are identical, and

therefore, we can pool these elements without changing revenue. Hence, assume

that 𝜋𝐿𝜆 is strictly increasing in 𝜆. From Lemma 7, we assume that 𝑥𝜆 > 0 for all

𝜆 ∈ Λ. Hence, by Lemma 6, we assume without loss of optimality that 𝜇𝜆 < 𝜇 for

almost all 𝜆.

Let 𝜆∗ = supΛ. Consider any index 𝜆 < 𝜆∗
. Then, there exists a higher index

𝜆∗∗ > 𝜆 in Λ. Since 𝜋𝐿𝜆 < 𝜋𝐿𝜆∗∗ and 𝑥𝜆 = 𝑥𝜆∗∗ , we have 𝜋𝐻𝜆 < 𝜋𝐻𝜆∗∗ ≤ 1. If (OB-H) for
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element 𝑃𝜆 does not bind, we can therefore increase 𝜋𝐿𝜆 and 𝜋𝐻𝜆 by a small, common

amount without violating any constraints. Since it increases revenue, assume that

(OB-H) binds, hence (X-LB) for element 𝑃𝜆.

Next, suppose that 𝜆∗ ∈ Λ and 𝑃𝜆∗ have a positive measure. Suppose that (OB-H)

does not bind. Let 𝐴 = 𝑃∗ \ 𝑃𝜆∗ . Take any small subset Δ ⊂ 𝐴 such that any point

in Δ is smaller than any point in 𝐴 \Δ. Then, consider an alternative menu which

lets types 𝜃 ∈ Δ choose (𝜋𝜔
𝜆∗)𝜔∈{𝐿,𝐻}, while keeping all else equal. By construction,

(OB-H) for all elements in 𝐴\Δ are still satisfied. Moreover, for sufficiently small Δ,

(OB-H) for element 𝑃𝜆∗ ∪Δ is also satisfied. Since 𝑥𝜆 = 𝑥𝜆∗ , the alternative menu is

also incentive compatible. Then, 𝜋𝐿𝜆 < 𝜋𝐿𝜆∗ implies that it achieves a higher revenue.

Hence, without loss of optimality, we assume that (OB-H) for the largest index

element 𝑃𝜆∗ , if it exists with some positive measure, also binds.

In summary, we have that (OB-H) binds for each element 𝑃 ⊂ 𝑃∗
and 𝑥𝜆 is a

common constant 𝑥 on Λ. Again, note that we may assume 𝑥 > 0 from Lemma

7. Therefore, we have (L-LB) for each element 𝑃 ⊂ 𝑃∗
. Let 𝐺 ∈ Δ(𝑃∗) be the CDF

of {𝜇𝜆}𝜆∈Λ conditional on 𝑃∗
. Let 𝐹𝑃∗ be the prior distribution conditional on 𝑃∗

.

Then, 𝐺 is a mean-preserving contraction of 𝐹𝑃∗ .

Then, using (L-LB), the revenue obtained from the interval 𝑃∗
is given by

𝑥

{∫
𝜃∈𝑃∗

𝜓(𝜃)𝑑𝐹(𝜃) + E𝜇∼𝐺
[
𝜇(1 − 𝜇)
𝜇− 𝜇

]
· 𝐹(𝑃∗)

}
,

where 𝑥 + 𝜋𝐿𝜆 ≤ 1 for all 𝜆 ∈ Λ, i.e., (X-LB). Let ℎ(𝜇) = 𝜇/(𝜇 − 𝜇), which is convex

in 𝜇 < 𝜇. We construct an alternative partition over 𝑃∗
. Let 𝜇∗

be the essential

supremum of {𝜇𝜆}𝜆∈Λ. If 𝜇∗ = 𝜇, then (X-LB) for all elements 𝑃 ⊂ 𝑃∗
implies that

𝑥 = 0, which contradicts the claim 𝑥 > 0 in the third paragraph. Hence, assume

𝜇∗ < 𝜇. Define 𝑃∗∗ = 𝑃∗ ∩ [𝜃∗,1], where 𝜃∗
is such that E[𝜃 |𝜃 ∈ 𝑃∗∗] = 𝜇∗

. Then,

consider

𝒫 =
⋃

𝜃∈𝑃∗\𝑃∗∗

{{𝜃}} ∪ {𝑃∗∗}.

Let 𝐺 ∈ Δ(𝑃∗) be the CDF of conditional means of the elements in 𝑃. Note that 𝒫 is

a monotone partition.
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We claim that 𝐺 is a mean-preserving contraction of 𝐺. Let 𝐹 be the conditional

distribution of 𝐹 on 𝑃∗
. Suppose, by seeking a contradiction,∫ 𝜃

inf𝑃∗
𝐺(𝑠)𝑑𝑠 >

∫ 𝜃

inf𝑃∗
𝐺(𝑠)𝑑𝑠, (N-MPC)

for some 𝜃 ∈ [inf𝑃∗, sup𝑃∗]. Since 𝐺 is a mean-preserving contraction of 𝐹 and

𝐺 coincides with 𝐹 on 𝜇 ∈ [inf𝑃∗,𝜃∗), we must have 𝜃 > 𝜃∗
. Moreover, if 𝜃 ≥ 𝜇∗

,

integration by parts shows that both sides of (N-MPC) equals 𝜇∗ − 𝜇𝑃∗ , which is a

contradiction. Hence, assume 𝜃 ∈ (𝜃∗,𝜇∗). Suppose 𝐺(𝜃) ≤ 𝐺(𝜃). Then, since 𝐺 is

a non-decreasing function and 𝐺(𝑠) = 𝐺(𝜃∗) for all 𝑠 ∈ [𝜃∗,𝜇∗), we have 𝐺(𝑠) ≤ 𝐺(𝑠)
for all 𝑠 ∈ [𝜃∗,𝜃), hence∫ 𝜃

inf𝑃∗
𝐺(𝑠)𝑑𝑠 =

∫ 𝜃∗

inf𝑃∗
𝐺(𝑠)𝑑𝑠 +

∫ 𝜃

𝜃∗
𝐺(𝑠)𝑑𝑠

≤
∫ 𝜃∗

inf𝑃∗
𝐹(𝑠)𝑑𝑠 +

∫ 𝜃

𝜃∗
𝐺(𝑠)𝑑𝑠 =

∫ 𝜃

inf𝑃∗
𝐺(𝑠)𝑑𝑠,

which contradicts the assumption (N-MPC). Therefore, 𝐺(𝜃) > 𝐺(𝜃). However, we

then have 𝐺(𝑠) ≥ 𝐺(𝜃) > 𝐺(𝜃) = 𝐺(𝑠) for all 𝑠 ∈ [𝜃,𝜇∗). This implies∫ 𝜇∗

inf𝑃∗
𝐺(𝑠)𝑑𝑠 =

∫ 𝜃

inf𝑃∗
𝐺(𝑠)𝑑𝑠 +

∫ 𝜇∗

𝜃
𝐺(𝑠)𝑑𝑠

>

∫ 𝜃

inf𝑃∗
𝐺(𝑠)𝑑𝑠 +

∫ 𝜇∗

𝜃
𝐺(𝑠)𝑑𝑠 =

∫ 𝜇∗

inf𝑃∗
𝐺(𝑠)𝑑𝑠,

where the inequality also uses (N-MPC). However, since both 𝐺 and 𝐺 have mean

𝜇𝑃∗ by construction, integration by parts implies that both sides of this inequality

equal 𝜇∗ − 𝜇𝑃∗ . This is a contradiction. Hence, (N-MPC) does not hold, and 𝐺 is a

mean-preserving contraction of 𝐺.

Then, consider a menu under 𝒫 such that 𝑥(𝜃) = 𝑥 for all 𝜃 and 𝜋𝐿(𝜃) is defined

such that the obedience constraint of every element in 𝒫 bind. This menu is well-

defined by construction. Then, the revenue obtained from 𝑃∗
is given as in the above

expression, with 𝐺 being replaced by 𝐺. Since both 𝐺 and 𝐺 have support on [0,𝜇)
and ℎ(𝜇) is convex in this region, the revenue under this alternative partition 𝒫 is

higher.
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Therefore, for any interval 𝑃∗
, if the associated sub-partition on 𝑃∗

is not mono-

tone, we can replace it with a monotone partition and weakly increase revenue.

Applying this procedure to every interval in 𝒫∗
, we obtain a monotone partition

on the unit interval [0,1]. This completes the proof. □

Then, we look for the optimal menu focusing on the class of monotone menus.

We start with the following observation.

Lemma 9. For an optimal menu (𝜋𝜔)𝜔∈{𝐿,𝐻} under any monotone partition 𝒫, we

have 𝜋𝐻(1) = 1.

Proof. Let 𝑃 be the highest element. Then, 1 ∈ 𝑃. Since 𝒫 is monotone, 𝑃 is an

interval between some 𝜃 ≤ 1 and 1. Therefore, if 𝜃 ≠ 1, we have∫
𝑃

𝜓(𝑠)𝑑𝐹(𝑠) =
∫
𝑃

𝑠𝑑𝐹(𝑠) −
∫
𝑃

[1 − 𝐹(𝑠)]𝑑𝑠

=

∫
𝑃

𝑠𝑑𝐹(𝑠) −
[
(0 − 𝜃𝐹(𝑃)) +

∫
𝑃

𝑠𝑑𝐹(𝑠)
]
= 𝜃𝐹(𝑃),

where the second equality follows from integration by parts. Since the last expres-

sion is clearly non-negative, it is optimal to set 𝜋𝐻
𝑃
= 1. Note that increasing 𝜋𝐻

𝑃
of

the highest element 𝑃 never violates any constraints. If 𝜃 = 1, then 𝜓(1) = 1 > 0.

Therefore, without loss of optimality, we can set 𝜋𝐻
𝑃
= 1. □

In the proof of the remaining lemmas, for each element 𝑃1 ⊂ [0,1] and 𝑃2 ⊂ [0,1],
we write 𝑃2 ≥ 𝑃1 if any point in 𝑃2 is greater than any point in 𝑃1. Formally, 𝑃2 ≥ 𝑃1

if 𝜃2 ≥ 𝜃1 for all 𝜃1 ∈ 𝑃1 and 𝜃2 ∈ 𝑃2.

Lemma 10. There exists an optimal menu (𝜋𝜔)𝜔∈{𝐿,𝐻} under which there exists at

most one element 𝑃 such that 𝜇𝑃 ≥ 𝜇.

Proof. Note that increasing 𝜋𝐻
𝑃

and 𝜋𝐿
𝑃

by a common amount increases revenue

(R). Therefore, optimality implies that we can assume either 𝜋𝐻
𝑃
= 1 or (OB-H) for

element 𝑃 binds.

Let 𝒫 ⊂ 𝒫 be the collection of elements which have a conditional mean greater

than or equal to 𝜇. Suppose that there exists an element 𝑃 ∈ 𝒫 such that 𝑥𝑃 < 𝑥(1).
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Then, consider increasing 𝜋𝐿
𝑄

of every element 𝑄 ≥ 𝑃 until we get 𝑥𝑄 = 𝑥𝑃 . Since

we have 𝜇𝑄 ≥ 𝜇 by assumption, this operation never violates (OB-H). Moreover,

the resulting menu satisfies (IC). Revenue is increasing in 𝜋𝐿(𝜃), and therefore,

optimality implies that 𝑥𝑃 is constant on 𝒫.

Next, suppose that 𝜋𝐿
𝑃
> 𝜋𝐿

𝑄
for some elements 𝑃,𝑄 ∈ 𝒫. In this case, consider

an alternative menu such that, keeping all else equal, we let element 𝑄 choose the

test for element 𝑃. Likewise, (OB-H) is kept satisfied. Moreover, 𝑥𝑃 = 𝑥𝑄 by the

above paragraph, and therefore, this weakly increases revenue. Hence, without

loss of optimality, we can assume 𝜋𝐿
𝑃
= 𝜋𝐿

𝑄
.

In summary, both 𝑥𝑃 and 𝜋𝐿
𝑃

are constant on 𝒫, which means that they choose

a common test. Therefore, we can pool these elements without violating any

constraints and keep the same revenue. This completes the proof. □

The following two lemmas together show that an optimal menu has a cutoff

structure such that the differential informativeness 𝑥(𝜃) = 𝜋𝐻(𝜃) −𝜋𝐿(𝜃) takes one

of two values, either 0 or 𝑥(1). We say that (OB-H) approximately binds for a collection

{𝑃𝑛}𝑛∈N of elements if for any 𝜀 > 0,

𝑥𝑃𝑛 −
𝜇− 𝜇𝑃𝑛

𝜇(1 − 𝜇𝑃𝑛 )
𝜋𝐻𝑃𝑛 < 𝜀,

for some 𝑛 ∈ N.

Lemma 11. For an optimal menu (𝜋𝜔)𝜔∈{𝐿,𝐻} under a monotone partition 𝒫, if

(OB-H) for some collection {𝑃𝑛}𝑛∈N of elements such that 𝑥𝑃𝑛 = 𝑥(1) for all 𝑛 ∈ N
approximately binds, then 𝑥(𝜃) ∈ {0, 𝑥(1)} for all 𝜃.

Proof. Assume (OB-H) for {𝑃𝑛}𝑛∈N approximately binds. Take any element 𝑃

such that 0 < 𝑥𝑃 < 𝑥(1). Let 𝜀 be a small number such that 𝑥(1) − 𝜀 > 𝑥𝑃 . Note

that increasing 𝜋𝐻
𝑃

and 𝜋𝐿
𝑃

by a common amount increases revenue (R). Therefore,

either 𝜋𝐻
𝑃
= 1 or (OB-H) for element 𝑃 binds.

We claim that 𝜋𝐻
𝑃
≠ 1. Suppose not. Note that (OB-H) can be written as

𝑥𝑃 ≥
𝜇− 𝜇𝑃

𝜇(1 − 𝜇𝑃)
𝜋𝐻𝑃 .
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Since we have 𝜋𝐻
𝑃
= 1 by assumption, this implies that there exists an element 𝑃∗

with 𝑥𝑃∗ = 𝑥(1) such that

𝜇− 𝜇𝑃
𝜇(1 − 𝜇𝑃)

≤ 𝑥𝑃 < 𝑥𝑃∗ − 𝜀 ≤
𝜇− 𝜇𝑃∗

𝜇(1 − 𝜇𝑃∗)𝜋
𝐻
𝑃∗ ≤

𝜇− 𝜇𝑃∗

𝜇(1 − 𝜇𝑃∗) ,

where the equality follows by assumption. Note that the fraction [𝜇 − 𝜇]/[1 − 𝜇]
is decreasing in 𝜇 ∈ [0,1]. Therefore, this is a contradiction to 𝜇𝑃∗ ≥ 𝜇𝑃 . Hence,

we have 𝜋𝐻
𝑃
≠ 1, and therefore, (OB-H) for element 𝑃 binds, for all 𝑃 such that

0 < 𝑥𝑃 < 𝑥(1).
Consider any element 𝑃 such that 0 < 𝑥𝑃 < 𝑥(1). Then, from the above discussion,

the revenue conditional on element 𝑃 can be written as

E

[{
𝜓(𝜃) +

𝜇𝑃(1 − 𝜇)
𝜇− 𝜇𝑃

}
𝑥𝑃

����𝜃 ∈ 𝑃
]
= E

[
𝜙(𝜃)𝑥(𝜃)

��𝜃 ∈ 𝑃
]
,

where we write 𝜙(𝜃) = 𝜓(𝜃) + 𝜇𝑃(1 − 𝜇)/(𝜇 − 𝜇𝑃) for each 𝜃 ∈ 𝑃. In particular, the

conditional revenue is linear in 𝑥.

Now, let 𝐴 ⊂ [0,1] be the union of all elements 𝑃 ∈ 𝒫 such that 0 < 𝑥𝑃 < 𝑥(1).
Since 𝒫 is monotone, (IC) implies that 𝐴 is an interval. The above paragraph shows

that the revenue conditional on types 𝐴 is therefore bounded above by

max
𝑥∈𝒳

∫
𝐴

𝜙(𝜃)𝑥(𝜃)𝑑𝐹(𝜃),

where𝒳 is a set of non-decreasing functions 𝑔 : 𝐴→[0, 𝑥(1)] such that 𝑔 is constant

within each element 𝑃 ∈ 𝒫.

Here, we claim that 𝒳 is convex and compact in 𝐿1
-norm and the objective

function is a linear and continuous functional. To see the first claim, note first

that convexity is trivial. Consider any sequence {𝑔𝑛}𝑛∈N ⊂ 𝒳. For any 𝑔 ∈ 𝒳, the

total variation is uniformly bounded by 1. Therefore, Helly’s selection theorem

implies that there exists a subsequence that converges pointwise, and therefore in

𝐿1
-norm by dominated convergence theorem. It is clear that the limit 𝑔 belongs

to 𝒳. Hence, 𝒳 is sequentially compact in 𝐿1
-norm and is therefore compact. For

the latter claim, since the objective function is a linear functional, Proposition 2 in

Luenberger (1969) Chapter 5.2 implies that it is continuous in 𝐿1
-norm if 𝜙(𝜃) 𝑓 (𝜃)
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is uniformly bounded by a finite number, which is true because 𝑓 is continuous

over the unit interval [0,1] and therefore has a finite upper bound.

Therefore, Bauer’s maximum principle implies that there exists a maximizer of

the linear functional that is an extreme point of 𝒳, that is, cannot be expressed as a

convex combination of two distinct elements in 𝒳. Note that every extreme point

𝑥∗ ∈ 𝒳 of this set must be a step function such that 𝑥∗(𝜃) ∈ {0, 𝑥(1)} for all 𝜃 ∈ 𝐴.22

Finally, consider an alternative menu such that, keeping all else equal, we assign

a test (𝜋𝐻∗
𝑃
,𝜋𝐻∗

𝑃
− 𝑥∗(𝜃)) for each type 𝜃 ∈ 𝑃 ⊂ 𝐴, where 𝜋𝐻∗

𝑃
is defined so that

(OB-H) binds for element 𝑃. It remains to check this menu is feasible under the

same partition 𝒫. By construction, it satisfies (OB-H), (IC), and (F). Note that (D)

obviously holds for elements 𝑃 ⊂ 𝐴 such that 𝑥∗(𝜃) = 0 for 𝜃 ∈ 𝑃. Finally, consider

elements 𝑃 ⊂ 𝐴 such that 𝑥∗(𝜃) = 𝑥(1) for 𝜃 ∈ 𝑃. Then, since (OB-H) for {𝑃𝑛}𝑛∈N
approximately binds, for any 𝜀 > 0, there exists an element 𝑃∗

such that

𝜇− 𝜇𝑃
𝜇(1 − 𝜇𝑃)

· 𝜋𝐻∗
𝑃 = 𝑥(1) = 𝑥𝑃∗ ≤ 𝜇− 𝜇𝑃∗

𝜇(1 − 𝜇𝑃∗) · 𝜋
𝐻
𝑃∗ + 𝜀 ≤ 𝜇− 𝜇𝑃

𝜇(1 − 𝜇𝑃)
+ 𝜀,

where the last equation follows from𝜇𝑃∗ ≥ 𝜇𝑃 as discussed in the second paragraph.

Since this holds for every 𝜀 > 0, we must have 𝜋𝐻∗
𝑃

∈ [0,1]. We also have 𝜋𝐻∗
𝑃

−
𝑥∗(𝜃) ≥ 0, hence (D). Therefore, optimality implies 𝑥(𝜃) ∈ {0, 𝑥(1)} for all 𝜃. □

Lemma 12. For an optimal menu (𝜋𝜔)𝜔∈{𝐿,𝐻} under a monotone partition 𝒫, we

have 𝑥(𝜃) ∈ {0, 𝑥(1)} for all 𝜃.

Proof. Suppose not. Below, we construct an alternative feasible menu (𝜋𝜔)𝜔∈{𝐿,𝐻}

that achieves higher revenue. For there to be some 𝜃 such that 𝑥(𝜃) ∉ {0, 𝑥(1)},
clearly we must have 𝑥(1) > 0. Fix any small number 𝜀 > 0 such that 𝑥(1) > 𝜀.

Then, take any small number 𝜀 > 0 such that 𝜀̄ ≥ 𝜀. Let 𝒫 ⊂ 𝒫 be the set of

elements 𝑃 such that 𝑥(1) > 𝑥𝑃 ≥ 𝑥(1) − 𝜀 and let 𝒫̃ = {𝑃 ∈ 𝒫|𝑥𝑃 = 𝑥(1)}. For each

element 𝑃 ∈ 𝒫, we write 𝜀𝑃 = 𝑥𝑃 − (𝑥(1) − 𝜀) ≥ 0. Note that 𝜀𝑃 ≤ 𝜀.

Take any 𝑃 ∈ 𝒫 ∪ 𝒫̃. Then, we reduce 𝑥(𝜃) up to 𝑥(1) − 𝜀 in two steps, as follows.

First, increase𝜋𝐿
𝑃

up to𝜋𝐿
𝑃
+ 𝜀𝑃 as long as (OB-H) for element 𝑃 does not bind. Then,

22 See, e.g., Yang and Yang (2025) and the references therein.

https://econtheory.org


42 Submitted to Theoretical Economics

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

we obtain a menu (𝜋̂𝜔
𝑃
)𝜔∈{𝐿,𝐻} for element 𝑃, where 𝜋̂𝐻

𝑃
= 𝜋𝐻

𝑃
and 𝜋̂𝐿

𝑃
is defined as

the unique solution to the following:

𝜋̂𝐿𝑃 = min

{
𝜋𝐿𝑃 + 𝜀𝑃 ,

𝜇𝑃(1 − 𝜇)
𝜇− 𝜇𝑃

𝑥̂𝑃

}
,

where 𝑥̂𝑃 = 𝜋̂𝐻
𝑃
− 𝜋̂𝐿

𝑃
. If 𝜋̂𝐿

𝑃
= 𝜋𝐿

𝑃
+ 𝜀𝑃 , we set 𝜋𝜔

𝑃 = 𝜋̂𝜔
𝑃

for each 𝜔 ∈ {𝐿, 𝐻}.
Suppose (𝜋̂𝜔

𝑃
)𝜔∈{𝐿,𝐻} is such that 𝜋̂𝐿

𝑃
< 𝜋𝐿

𝑃
+ 𝜀𝑃 and therefore (OB-H) binds for

element 𝑃. Then, we set 𝜋𝐻𝑃 = 𝑥𝑃 − 𝜀𝑃 +𝜋𝐿𝑃 and

𝜋𝐿𝑃 =
𝜇𝑃(1 − 𝜇)
𝜇− 𝜇𝑃

(𝑥𝑃 − 𝜀𝑃).

Namely, we decrease 𝑥̂𝑃 = 𝜋̂𝐻
𝑃
− 𝜋̂𝐿

𝑃
up to 𝑥𝑃− 𝜀𝑃 = 𝑥(1)− 𝜀 while keeping (OB-H) for

element 𝑃 with equality.23 Note that the resulting menu is feasible by construction.

Now, define ℎ𝑃 = 𝜇𝑃[1 − 𝜇]/[𝜇 − 𝜇𝑃]. Then, for any element 𝑃 ∈ 𝒫 such that

(OB-H) binds under the new menu (𝜋𝜔)𝜔∈{𝐿,𝐻}, we have

1 ≥ 𝜋𝐿𝑃 ≥ ℎ𝑃(𝑥𝑃 − 𝜀𝑃) = ℎ𝑃(𝑥(1) − 𝜀) ≥ ℎ𝑃(𝑥(1) − 𝜀),

which implies ℎ𝑃 ≤ ℎ = 1/[𝑥(1) − 𝜀] for all such elements 𝑃. Moreover, note that for

each such element 𝑃, our construction implies

𝜋𝐿𝑃 ≥ 𝜋̂𝐿𝑃 − ℎ𝑃𝜀𝑃 ≥ 𝜋𝐿𝑃 − ℎ𝜀 ≥ 𝜋𝐿𝑃 − (ℎ + 1)𝜀,

𝜋𝐻𝑃 = 𝑥𝑃 − 𝜀𝑃 +𝜋𝐿𝑃 ≥ 𝑥𝑃 − 𝜀 +𝜋𝐿𝑃 − ℎ𝜀 = 𝜋𝐻𝑃 − (ℎ + 1)𝜀,

which implies that the revenue loss which comes from such an element 𝑃 under

the new menu is bounded above by (ℎ + 1)𝜀𝐹(𝑃).

23 If 𝜇𝑃 ≥ 𝜇, which may be the case only when 𝑃 is the top interval, the above expression for 𝜋𝐿𝑃
implies 𝜋𝐿𝑃 < 0. In this case, the binding obedience constraint suggests 𝑥(1) = 0. Then, (IC) implies

𝑥(𝜃) = 0 for all 𝜃, completing the proof.
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Let 𝑃∗
be the union of all elements in 𝒫̃. Since 1 ∈ 𝑃∗

, Lemma 10 implies that we

can assume 𝐹(𝑃∗) > 0.24 Take any small 𝛿 > 0 such that 𝛿 < 𝐵, where

𝐵 =

∫
𝑃∗
(1 −𝜓(𝜃))𝑑𝐹(𝜃) > 0.

Then, by the definition of 𝒫, there exists a sufficiently small 𝜀 < 𝜀 such that

(ℎ + 1) · 𝐹(𝑃) < 𝛿,

where 𝑃 is the union of all elements in 𝒫. Suppose 𝜀 is small enough such that

(𝜋𝐻
𝑃
,𝜋𝐿

𝑃
+ 𝜀) does not violate (OB-H) for any element 𝑃 in 𝒫̃. Lemma 11 guarantees

the existence of such an 𝜀 > 0; otherwise, (OB-H) for the collection of elements 𝒫̃
approximately binds, and Lemma 11 completes the proof. Then, compared to the

original menu, the revenue gained from 𝑃∗
under the alternative menu is larger

by an amount 𝜀𝐵. Moreover, the revenue loss from the other elements under the

alternative menu is smaller by at most 𝜀𝛿, which follows by the above discussion.

This is a contradiction. □

Then, we claim that the obedience constraint for all but the highest element binds

under optimal menus.

Lemma 13. For an optimal menu (𝜋𝜔)𝜔∈{𝐿,𝐻} under a monotone partition 𝒫, the

obedience constraint (OB-H) binds for every 𝑃 ∈ 𝒫 such that 1 ∉ 𝑃.

Proof. Fix any element 𝑃 such that 1 ∉ 𝑃. As discussed in the above proofs, either

𝜋𝐻
𝑃
= 1 or (OB-H) for element 𝑃 binds. Suppose that (OB-H) for element 𝑃 does not

bind. Then, 𝜋𝐻
𝑃
= 1 and 𝜋𝐿

𝑃
≠ 1.

Let𝑄 be any element such that𝑄 ≥ 𝑃. By assumption, we have 𝜋𝐻
𝑃
= 1 ≥ 𝜋𝐻

𝑄
, and

therefore, (IC) implies that 𝜋𝐿
𝑃
≥ 𝜋𝐿

𝑄
. We must also have 𝜇𝑃 < 𝜇𝑄 by the monotone

24 Otherwise, 𝑃∗ = {1}, and therefore, Lemma 10 implies that there is an element adjacent to 1 that

has positive measure (otherwise, there would be two elements with conditional means of at least 𝜇,

contradicting Lemma 10). Then, we can reassign type 1 to that adjacent element, which affects neither

the obedience constraint nor the revenue.
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structure. We then obtain

𝜇 <
𝜇𝑃𝜋

𝐻
𝑃

𝜇𝑃𝜋
𝐻
𝑃 + (1 − 𝜇𝑃)𝜋𝐿𝑃

≤
𝜇𝑄𝜋

𝐻
𝑃

𝜇𝑄𝜋
𝐻
𝑃 + (1 − 𝜇𝑄)𝜋𝐿𝑃

,

because 𝜋𝐻
𝑃
≥ 𝜋𝐿

𝑃
implies that the fraction is increasing in beliefs. This means that

we can let element 𝑄 choose the test for element 𝑃 without violating (OB-H).

Now, consider an alternative menu which, keeping all else equal, lets all types

𝜃 ≥ sup𝑃 choose the test (𝜋𝜔
𝑃
)𝜔∈{𝐿,𝐻} which is originally only for element 𝑃. Note

that the resulting menu does not violate (OB-H) as seen in the above paragraph.

Moreover, we have (IC) by construction, hence feasible. Since Lemma 12 implies

that 𝑥(𝜃) is a constant on 𝑃 ∪𝑄 and 𝜋𝐿
𝑃
≥ 𝜋𝐿

𝑄
for all 𝑄 ≥ 𝑃, the alternative menu

achieves a higher revenue. Therefore, optimality implies that 𝜋𝐿
𝑃
= 𝜋𝐿(𝜃) for all

𝜃 > inf𝑃. However, this implies that every type 𝜃 > inf𝑃 chooses a common test,

and therefore, we can pool these elements into a single element without changing

revenue. Hence, we can redefine 𝑃 to be an interval including 1, which completes

the proof. □

Lemma 14. One of the following monotone menus maximizes expected revenue

among all menus: a menu that consists of a single test, or a menu such that the

conditional mean of every element is strictly less than 𝜇. In both cases, (OB-H)

binds for every element.

Proof. Let (𝜋𝜔)𝜔∈{𝐿,𝐻} be an optimal menu. Then, it is feasible under a monotone

partition 𝒫. Lemma 10 implies that we can assume the highest element has a

positive measure. Moreover, Lemma 12 implies that there exists an interval 𝑃∗ =

[𝜃∗,1] such that 𝑥(𝜃) = 𝜋𝐻(𝜃)−𝜋𝐿(𝜃) is a constant on𝑃∗
and zero over the remaining

region. Therefore, Lemma 6 implies that either 𝑃∗ ∈ 𝒫 or 𝜇𝑃 < 𝜇 for almost all 𝑃 ∈ 𝒫
such that 𝑃 ⊂ 𝑃∗

.

There are two cases to consider. In the former case, there is a single element in

interval 𝑃∗
in an optimal menu. Suppose (OB-H) for 𝑃∗

does not bind. If 𝑥𝑃∗ > 0,

and therefore 1 ≥ 𝜋𝐻
𝑃∗ > 𝜋𝐿

𝑃∗ , we can increase 𝜋𝐿
𝑃∗ and thereby raise revenue with-

out violating any constraints. If 𝑥𝑃∗ = 0, then we must have 𝜇𝑃∗ > 𝜇. Optimality

then implies that (𝜋𝐻
𝑃∗ ,𝜋

𝐿
𝑃∗) = (1,1). However, since E[𝜃] < 𝜇 < 𝜇𝑃∗ by assumption,
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there exists a positive measure of types in [0,1] \ 𝑃∗
who do not choose this test.

Assigning the test (1,1) to a subset of these types while keeping everything else un-

changed preserves both incentive compatibility and the obedience constraint, while

increasing revenue. This contradicts optimality. Taken together, these arguments

imply that (OB-H) for 𝑃∗
must bind.

Next, suppose 𝜇𝑃 < 𝜇 for almost all 𝑃 ∈ 𝒫 such that 𝑃 ⊂ 𝑃∗
. Let 𝑃 be the highest

element. Then, we can assume 𝐹(𝑃) > 0 as discussed in the proof of Lemma 12.

By Lemma 13, (OB-H) for all elements other than 𝑃 binds. Now, for any small

𝜀 > 0, consider an alternative menu such that, keeping all else fixed, sender types

𝜃 ∈ Δ = [𝜃∗,𝜃∗ + 𝜀] choose the test for the highest element. By Lemma 9, we have

𝜋𝐻
𝑃
= 1, and therefore, 𝑥𝑃 = 𝑥𝑄 implies 𝜋𝐿

𝑃
> 𝜋𝐿

𝑄
for all 𝑄 ≠ 𝑃. This means that the

alternative menu achieves higher revenue. Moreover, for any element𝑄 ≠ 𝑃, either

𝑄 \Δ = ∅ or 𝜇𝑄\Δ ≥ 𝜇𝑄 by construction, which implies that (OB-H) for all elements

are still satisfied. Since the alternative menu must not be feasible for any 𝜀 > 0,

(OB-H) for element 𝑃 must bind. □

The next lemma shows that the above observations imply the optimality of the

menu that we describe in Theorem 1.

Lemma 15. Menu ℳ(𝜃∗,𝜃∗) is optimal for some 0 < 𝜃∗ ≤ 𝜃∗ < 𝜇.

Proof. Take any optimal menu (𝜋𝜔)𝜔∈{𝐿,𝐻} under monotone partition 𝒫. By Lem-

mas 14, 9, and 13, if there is some element such that the conditional mean is

not strictly less than 𝜇, menu ℳ(𝜃∗,𝜃∗) is optimal for 0 < 𝜃∗ = 𝜃∗ < 𝜇 such that

E[𝜃 |𝜃 ≥ 𝜃∗] = 𝜇. Here, the strict inequality 𝜃∗ > 0 holds by assumption 𝜉 < 𝜇.

Therefore, assume in the following that 𝜇𝑃 < 𝜇 for all 𝑃 ∈ 𝒫.

Lemma 12 and (IC) imply that there exists a threshold 𝜃∗ such that 𝑥(𝜃) = 0 for all

𝜃 < 𝜃∗ and 𝑥(𝜃) = 𝑥 for all 𝜃 > 𝜃∗ for some 𝑥 ∈ [0,1]. Moreover, Lemma 14 implies

that (OB-H) for every element 𝑃 must bind. Therefore, for each 𝑃 that is above 𝜃∗,

we get

𝜋𝐿𝑃 =
𝜇𝑃(1 − 𝜇)
𝜇− 𝜇𝑃

𝑥. (L-LB)
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Moreover, since 𝑥(𝜃) +𝜋𝐿(𝜃) ≤ 1 must hold for all 𝜃, we obtain

𝑥

{
𝜇𝑃(1 − 𝜇)
𝜇− 𝜇𝑃

+ 1

}
≤ 1 ⇐⇒ 𝑥 ≤ 𝜇− 𝜇𝑃

𝜇(1 − 𝜇𝑃)
, (X-LB)

for each element 𝑃 above 𝜃∗.

Therefore, for revenue 𝑅 under the menu (𝜋𝜔)𝜔∈{𝐿,𝐻}, we obtain

𝑅 =

∫ 1

0

{
𝜓(𝜃) +

𝜇𝑃(𝜃)(1 − 𝜇)
𝜇− 𝜇𝑃(𝜃)

}
𝑥(𝜃)𝑑𝐹(𝜃)

= 𝑥

∫ 1

𝜃∗

{
𝜓(𝜃) +

𝜇𝑃(𝜃)(1 − 𝜇)
𝜇− 𝜇𝑃(𝜃)

}
𝑑𝐹(𝜃)

≤
𝜇− 𝜇𝑃(1)

𝜇(1 − 𝜇𝑃(1))

∫ 1

𝜃∗

{
𝜓(𝜃) +

𝜇𝑃(𝜃)(1 − 𝜇)
𝜇− 𝜇𝑃(𝜃)

}
𝑑𝐹(𝜃)

where we denote by 𝑃(𝜃) ∈ 𝒫 the element to which 𝜃 belongs. The last inequality

follows from the right-hand side of (X-LB) being decreasing in 𝜇𝑃 .

Write 𝑃(1) = [𝜃∗,1] and 𝜇∗ = 𝜇𝑃(1). Recall that 𝜇𝑃 < 𝜇 for all 𝑃 ∈ 𝒫. Moreover,

the fraction 𝜇/[𝜇 − 𝜇] is convex in 𝜇 ∈ [0,𝜇). Hence, Jensen’s inequality applied to

[𝜃∗,𝜃∗] further implies that revenue 𝑅 is bounded above by

𝜇− 𝜇∗

𝜇(1 − 𝜇∗)

[∫ 𝜃∗

𝜃∗

{
𝜓(𝜃) +

𝜃(1 − 𝜇)
𝜇− 𝜃

}
𝑑𝐹(𝜃) +

∫ 1

𝜃∗

{
𝜓(𝜃) +

𝜇∗(1 − 𝜇)
𝜇− 𝜇∗

}
𝑑𝐹(𝜃)

]
.

This is exactly the revenue under menu ℳ(𝜃∗,𝜃∗). Finally note that if 𝜃∗ = 0, then

increasing 𝜃∗ results in a strictly higher revenue (when 𝜃∗ = 0 < 𝜃∗
, this is implied

by 𝜓(0) < 0, and when 𝜃∗ = 𝜃∗ = 0, the derivative of the revenue with respect to

the single threshold is [(1−𝜇)𝜉2 𝑓 (0) + (1− 𝜉)(𝜇− 𝜉)]/[𝜇(1− 𝜉)2] > 0); hence 𝜃∗ > 0.

This finishes the proof. □

Proof of Theorem 1. The result follows from Lemma 15. □

C.2 Proof of Proposition 1

Proof of Proposition 1. When the certifier optimally offers a single test (𝜋𝐻 ,𝜋𝐿),
i.e., the menu has a single threshold 𝜃 such that types 𝜃 ≥ 𝜃 purchase the test,
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threshold type 𝜃 is indifferent whether to purchase the test, and the certifier’s

revenue is

(1 − 𝐹(𝜃))
(
𝜃𝜋𝐻 + (1 − 𝜃)𝜋𝐿

)
= (1 − 𝐹(𝜃))

(
𝜃 + (1 − 𝜃)

𝜇

1 − 𝜇

1 − 𝜇

𝜇

)
where

𝜇 = E[𝜃 |𝜃 ≥ 𝜃] =
∫ 1

𝜃
𝜃𝑑𝐹(𝜃)/(1 − 𝐹(𝜃)).

Note that 𝜕𝜇/𝜕𝜃 = 𝑓 (𝜃)(𝜇 − 𝜃)/[1 − 𝐹(𝜃)]. Let 𝜃̂ be such that E[𝜃 |𝜃 ≥ 𝜃̂] = 𝜇. The

derivative of the revenue with respect to 𝜃 at 𝜃 = 𝜃̂ is

𝑓 (𝜃̂)
(

1 − 𝜃̂

𝜇

𝜇− 𝜃̂

1 − 𝜇
− 1

)
.

This gives us the condition under which it is optimal to decrease threshold 𝜃 from

level 𝜃̂. □

C.3 Proof of Proposition 2

Proof of Proposition 2. Take any menu that satisfies (IC), (F), (OB). Note that (F)

and (OB) imply the aggregate obedience constraint (AOB), as discussed in Section

4. Then, the joint surplus of the certifier and the sender is given by

E[𝜃𝜋𝐻(𝜃) + (1 − 𝜃)𝜋𝐿(𝜃)] ≤ E[𝜃𝜋𝐻(𝜃)]/𝜇,

where the last inequality follows from (AOB), which holds with equality if the

obedience constraint for high action holds with equality. The right-hand side is

maximized by setting 𝜋𝐻(𝜃) = 1 for all 𝜃. Moreover, since (AOB) binds if we set

𝜋𝐿(𝜃) = 𝜉
1 − 𝜉

1 − 𝜇

𝜇
,

for all 𝜃, we obtain the first statement. The latter statement is trivial, given that the

receiver’s surplus is maximized when the receiver observes the true state 𝜔, which

is the case under the fully informative test 𝜋𝐻 = 1 and 𝜋𝐿 = 0. □
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C.4 Proof of Proposition 3

We take a general Lagrangian approach of Luenberger (1969) to solve the optimiza-

tion problem in the unobservable case. For completeness, we replicate Theorem 1

in Chapter 8.6 of Luenberger (1969) in the following.

Lemma 16 (Luenberger (1969), Theorem 1, Section 8.6). Let 𝑋 be a convex subset of

a vector space and 𝑍 be a normed vector space. Let 𝑓 : 𝑋 → R be convex and let

𝐺 : 𝑋→ 𝑍 be convex. Fix 𝑏 ∈ 𝑍 and assume there exists 𝑥0 ∈ 𝑋 such that 𝐺(𝑥0) < 𝑏,

and that inf{ 𝑓 (𝑥) : 𝑥 ∈ 𝑋, 𝐺(𝑥) ≤ 𝑏} is finite. Then

inf
𝑥∈𝑋,𝐺(𝑥)≤𝑏

𝑓 (𝑥) = max
𝑧∗≥0

inf
𝑥∈𝑋

{ 𝑓 (𝑥) + ⟨𝐺(𝑥) − 𝑏, 𝑧∗⟩} ,

and the maximum is attained by some 𝑧∗0 ≥ 0. If the infimum on the left is attained

at 𝑥0 ∈ 𝑋 , then ⟨𝐺(𝑥0) − 𝑏, 𝑧∗0⟩ = 0 and 𝑥0 attains the minimum on the right.

Before proving Proposition 3, we remark that the aggregate obedience constraint

for the high action implies that for the low action.

Lemma 17. If 𝜉 ≤ 𝜇, then,

𝜇 ≤ E[𝜃𝜋𝐻(𝜃)]
E[𝜃𝜋𝐻(𝜃) + (1 − 𝜃)𝜋𝐿(𝜃)]

implies the aggregate obedience condition (AOB).

Proof. Seeking a contradiction, suppose that we have

𝜇 · E[𝜃𝜋𝐻(𝜃) + (1 − 𝜃)𝜋𝐿(𝜃)] ≤ E[𝜃𝜋𝐻(𝜃)],

𝜇 · E[𝜃(1 −𝜋𝐻(𝜃)) + (1 − 𝜃)(1 −𝜋𝐿(𝜃))] < E[𝜃(1 −𝜋𝐻(𝜃))].

Summing up these inequalities, we obtain 𝜇 < E[𝜃] = 𝜉. □

The next lemma proves that the optimal menu can be found among the menus

that also satisfy the following constraint:

𝑥(𝜃) = 𝜋𝐻(𝜃) −𝜋𝐿(𝜃) ≥ 0. (P)
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Tests that satisfy (P) are more plausible than tests that do not, as real-life tests

typically depend on the sender providing evidence of a high state to the certifier

(although this is not explicitly modeled): for instance, students demonstrate their

abilities by performing well on test questions. If (P) is satisfied, the sender has

incentives to provide this evidence, otherwise not.

Lemma 18. Suppose that the test choice is not observable to the receiver. The

maximum revenue is equal to the value of the following problem:

max
𝜋𝜔:[0,1]→[0,1]

{∫ 1

0
(𝜓(𝜃)𝑥(𝜃) +𝜋𝐿(𝜃))𝑑𝐹(𝜃)

}
(R)

subject to (IC), (AOB) and (P), where 𝑥(𝜃) = 𝜋𝐻(𝜃) −𝜋𝐿(𝜃).

Proof. We only need to show that there exists an optimal menu for Lemma 2 that

satisfies 𝜃0 = 0 and (P). Consider any menu 𝜋𝐻 and 𝜋𝐿 that satisfies (IC), (AOB),

and (IR) for some type 𝜃0. Then, consider the following menu:

(𝜋̂𝐻(𝜃), 𝜋̂𝐿(𝜃)) =
{
(𝜋𝐿(𝜃),𝜋𝐿(𝜃)) if 𝜃 ≤ 𝜃0,

(𝜋𝐻(𝜃),𝜋𝐿(𝜃)) otherwise.

Define 𝑥̂(𝜃) = 𝜋̂𝐻(𝜃) − 𝜋̂𝐿(𝜃) for each 𝜃. Then, we have 𝑥̂(𝜃) = max{𝑥(𝜃),0} ≥ 0,

and hence this new menu satisfies (IR) with 𝜃0 = 0.

The menu 𝜋̂𝜔
results in a revenue higher than the original menu: Let 𝑅 be the

original revenue and 𝑅̂ the revenue under the menu 𝜋̂𝜔
. Then

𝑅̂ − 𝑅 = −
∫ 𝜃0

0
𝜓(𝜃)𝑥(𝜃) 𝑓 (𝜃)𝑑𝜃 −

∫ 𝜃0

0
𝑥(𝜃)𝑑𝜃

= −
∫ 𝜃0

0
𝑥(𝜃)[1 +𝜓(𝜃) 𝑓 (𝜃)]𝑑𝜃

= −
∫ 𝜃0

0
𝑥(𝜃)[𝜃 𝑓 (𝜃) + 𝐹(𝜃)]𝑑𝜃 ≥ 0,

where the last inequality follows from 𝑥(𝜃) ≤ 0 below 𝜃0 and 𝜃 𝑓 (𝜃) + 𝐹(𝜃) ≥ 0.

Moreover, since the original menu satisfies (IC) and (AOB), one can see that, to-

gether with Lemma 17, the new menu also satisfies these constraints, which follows
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by the construction. In summary, there must exist an optimal menu that satisfies

(IR) with 𝜃0 = 0, completing the proof. □

Here, we are ready to prove Proposition 3.

Proof of Proposition 3. First, suppose that 𝜓 is strictly concave. We consider a

relaxed problem without (IC). Later, we will check that the solution of this relaxed

problem satisfies (IC). Set

𝐺(𝑥,𝜋𝐿) =
∫ 1

0

(
𝜃(𝜇− 1)𝑥(𝜃) + (𝜇− 𝜃)𝜋𝐿(𝜃)

)
𝑑𝐹(𝜃).

From Lemma 17, condition (AOB) can be written as 𝐺(𝑥,𝜋𝐿) ≤ 0.

Consider choosing (𝜋𝐿 , 𝑥) ∈ 𝐵Θ
and maximizing expected revenue (R) subject to

the aggregate obedience condition (AOB), where

𝐵 = {(𝜋𝐿 , 𝑥) ∈ R2 | 1 ≥ 𝜋𝐿 + 𝑥 ≥ 0, 𝑥 ≥ 0, 𝜋𝐿 ≥ 0}.

We derive a solution using a Lagrangian approach in Luenberger (1969). Construct

a Lagrangian with a Lagrange multiplier 𝜆 ≥ 0:

ℒ =

∫ 1

0

(
[𝜓(𝜃) +𝜆𝜃(1 − 𝜇)] 𝑥(𝜃) + [1 +𝜆(𝜃 − 𝜇)]𝜋𝐿(𝜃)

)
𝑑𝐹(𝜃).

Note that the objective function is a linear functional of (𝑥,𝜋𝐿) ∈ 𝐵Θ
and it is also

bounded. Moreover, 𝐵Θ
is convex, and we also have 𝐺(𝑥,𝜋𝐿) < 0 when 𝑥(𝜃) = 1

and 𝜋𝐿(𝜃) = 0 for all 𝜃. Therefore, Lemma 16 applies.

In particular, if there exists a Lagrange multiplier 𝜆 such that (𝑥,𝜋𝐿) ∈ 𝐵Θ
maxi-

mizes the Lagrangian ℒ and satisfies (AOB) with equality, then (𝑥,𝜋𝐿) is a solution.

To simplify notation, we let 𝑔𝜆(𝜃) =𝜓(𝜃) +𝜆𝜃(1 − 𝜇) and ℎ𝜆(𝜃) = 1 +𝜆(𝜃 − 𝜇).
Fix any𝜆 ≥ 0, which is determined later. Note that a pair (𝑥,𝜋𝐿) clearly maximizes

the Lagrangian ℒ if it pointwise maximizes ℒ for each 𝜃. Since ℒ is a linear

functional and 𝐵 is a simple polytope, one can see that

(𝑥(𝜃),𝜋𝐿(𝜃)) =


(1,0) if 𝑔𝜆(𝜃) ≥ max{0, ℎ𝜆(𝜃)},
(0,1) if ℎ𝜆(𝜃) ≥ max{0, 𝑔𝜆(𝜃)},
(0,0) if 0 ≥ max{𝑔𝜆(𝜃), ℎ𝜆(𝜃)},

(M)
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is a pointwise maximizer, where ties are broken arbitrarily.

Here we simplify the expression (M). Note that 𝑔𝜆 is a strictly concave function

by assumption. Hence, the set of types 𝜃 such that 𝑔𝜆(𝜃) ≥ 0 is an interval that

contains 1.25 Moreover, ℎ𝜆(𝜃) is linearly increasing, with

𝑔𝜆(1) =𝜓(1) +𝜆(1 − 𝜇) = 1 +𝜆(1 − 𝜇) = ℎ𝜆(1).

Thus, the set of types 𝜃 such that 𝑔𝜆(𝜃) ≥ max{0, ℎ𝜆(𝜃)} is also an inter-

val containing 1. We can analogously see that the set of types 𝜃 such that

0 ≥ max{𝑔𝜆(𝜃), ℎ𝜆(𝜃)} is an interval. Therefore,

(𝑥(𝜃),𝜋𝐿(𝜃)) =


(1,0) if 𝜃 ≥ 𝜃(𝜆),
(0,1) if 𝜃(𝜆) ≥ 𝜃 ≥ 𝜃(𝜆),
(0,0) if 𝜃(𝜆) ≥ 𝜃,

(M2)

for some 𝜃(𝜆) and 𝜃(𝜆) with 𝜃(𝜆) ≥ 𝜃(𝜆). Formally, we define

𝜃(𝜆) = min{𝜃 | 𝑔𝜆(𝜃) ≥ max{0, ℎ𝜆(𝜃)}},

𝜃(𝜆) = max{𝜃 | 0 ≥ max{𝑔𝜆(𝜃), ℎ𝜆(𝜃)}},

where we set 𝜃(𝜆) = 0 when max{𝑔𝜆(𝜃), ℎ𝜆(𝜃)} > 0 for all 𝜃 ∈ Θ. Note that they

are both well-defined as both 𝑔𝜆 and ℎ𝜆 are continuous. Moreover, strict concavity

implies that 𝜃(𝜆) and 𝜃(𝜆) are continuous in 𝜆.

It remains to find a Lagrange multiplier 𝜆 such that (AOB) is satisfied with

equality, that is, 𝐺(𝑥,𝜋𝐿) = 0. Using (M2), we obtain

𝐺(𝑥,𝜋𝐿) = 𝐺∗(𝜆) = −(1 − 𝜇)
∫ 1

𝜃(𝜆)
𝜃𝑑𝐹(𝜃) +

∫ 𝜃(𝜆)

𝜃(𝜆)
(𝜇− 𝜃)𝑑𝐹(𝜃).

Note that the right-hand side is continuous in 𝜆 since both 𝜃(𝜆) and 𝜃(𝜆) are

continuous functions of 𝜆, as discussed in the earlier paragraph.

Here, we find a desired 𝜆 using the intermediate value theorem. First, note

that we have 𝑔0(𝜃) = 𝜓(𝜃) ≤ 1 = ℎ0(𝜃), where the inequality is strict for any 𝜃 ≠ 1.

25 The non-emptiness of the set follows from 𝑔𝜆(1) ≥ 𝜓(1) = 1 > 0.
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Therefore, we have 𝜃(0) = 1 and 𝜃(0) = 0, hence

𝐺∗(0) =
∫ 1

0
(𝜇− 𝜃)𝑑𝐹(𝜃) = 𝜇− 𝜉 > 0, (ST)

where the last inequality follows by assumption. Second, note that the linear

function ℎ𝜆 intersects with 0 at point 𝜃𝜆 = 𝜇− 1/𝜆. For sufficiently large 𝜆,

𝑔𝜆(𝜃𝜆) =𝜓(𝜃𝜆) + (𝜆𝜇− 1)(1 − 𝜇) > 0 = ℎ𝜆(𝜃𝜆).

Since 𝑔𝜆(1) = ℎ𝜆(1), 𝑔𝜆 is strictly concave, and ℎ𝜆 is linear, this means that 𝑔𝜆(𝜃) ≥
ℎ𝜆(𝜃) for all 𝜃 ≥ 𝜃𝜆. Fix any such 𝜆∗ > 0. By definition, 𝜃(𝜆∗) = 𝜃(𝜆∗) = 𝜃∗

, hence

𝐺∗(𝜆∗) = −(1 − 𝜇)
∫ 1

𝜃∗
𝜃𝑑𝐹(𝜃) < 0. (EN)

Therefore, it follows from (ST) and (EN) that there exists 𝜆 with 0 < 𝜆 < 𝜆∗
such

that the aggregate obedience condition holds with equality, that is, 𝐺∗(𝜆) = 0. Note

that 𝜃(𝜆) > 𝜃(𝜆) must hold.

In summary, there exists𝜆 ≥ 0 such that the menu𝜋𝜔
induced by (M2) maximizes

revenue (R) subject to (AOB). Moreover, it follows from the definition that 𝑥(𝜃)
is increasing in 𝜃, hence (IC). Therefore, by 𝜋𝐻(𝜃) = 𝑥(𝜃) + 𝜋𝐿(𝜃), we obtain the

solution. Finally, Lemma 16 also states that any optimal solution must maximize

the Lagrangian with some multiplier 𝜆. Since 𝜓 is strictly concave, we have 𝑔𝜆(𝜃) =
ℎ𝜆(𝜃), 𝑔𝜆(𝜃) = 0, or ℎ𝜆(𝜃) = 0 only on a measure-zero set of types 𝜃. This means

that any pointwise maximizer of the Lagrangian must take the form (M2) almost

surely.

It remains to extend the result to the case where 𝜓 is only weakly concave.

Take a sequence of strictly concave functions 𝜓𝑛 converging uniformly to 𝜓, with

𝜓𝑛(1) = 1 and 𝜓𝑛(𝜃) < 1 for all 𝜃 < 1: E.g., 𝜓𝑛(𝜃) = (1 − 𝜀𝑛)𝜓(𝜃) + 𝜀𝑛(2𝜃 − 𝜃2) with

𝜀𝑛 → 0. For each 𝑛, consider the auxiliary problem obtained by replacing 𝜓 in

the objective (R) by 𝜓𝑛 , while keeping 𝐹 and the feasible set 𝐵Θ
subject to (AOB)

fixed. The preceding Lagrangian argument uses only the stated continuity, strict

concavity, and normalization properties of 𝜓𝑛 , so it applies even though 𝜓𝑛 need

not be the virtual type function associated with 𝐹. Thus, this auxiliary problem has
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an optimal menu of the form (M2). The objective function, viewed as a function

of (𝜓, 𝑥,𝜋𝐿), is continuous. The domain of optimization is compact under weak

topology. Therefore, the correspondence of optimal solutions is upper hemicon-

tinuous in 𝜓 by the maximum theorem. Hence, taking a convergent subsequence

of the corresponding cutoff pairs (𝜃𝑛 ,𝜃𝑛)𝑛 , the limiting cutoff menu is optimal for

𝜓. The aggregate obedience must bind at each 𝑛 and hence in the limit, and thus

𝜃 > 𝜃; if (𝜃,𝜃) = (1,1), then the revenue is zero and is not optimal. □
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