
Submitted to Theoretical Economics

Differentiability of preferences without derivatives

MICHAEL RICHTER

Department of Economics, Baruch College, CUNY and Department of Economics, Royal Holloway, University of

London

ARIEL RUBINSTEIN

School of Economics, Tel Aviv University and Department of Economics, New York University

ÁRON TÓBIÁS

Maxwell School of Citizenship and Public Affairs, Syracuse University

A new definition of differentiable convex preferences is proposed for spaces that require

no algebraic structure. Given a set of primitive orderings Λ, preferences are Λ-convex-

differentiable if, at each non-maximal alternative, there is a unique ordering inΛwhose
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1. INTRODUCTION

It appears that many assumptions in economics are adopted for technical convenience rather

than because they express aspects of human nature. This observation motivates replacing

standard definitions of properties of preference relations with formulations that admit a more

natural interpretation. It also leads us to seek formulations that extend the standard frame-

work while also applying to settings in which the underlying grand set is not Euclidean and

that do not rely on utility representations.

The approach we use originated in Richter and Rubinstein (2015), and was refined in

Richter and Rubinstein (2019, 2024). The grand set of alternatives X is enriched with a collec-

tion Λ of primitive orderings on X , each representing a relevant consideration. Those papers

introduced the concept of Λ-convex preferences: a preference relation on X is Λ-convex if, for

every element of X , there exists at least one ordering in Λ, called a critical ordering, for which

moving up in the ordering is necessary for improvement.
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As an example, we considered a reviewer of candidates who vary in research output, teach-
ing ability, and charisma. If the preferences over candidates are Λ-convex, then for any candi-
date x , there is a criterion, say research, with the property that for a candidate to be superior to
x , the candidate must be a better researcher. Such a criterion is a critical ordering but research
need not be the only such criterion.

This definition of convex preferences requires no algebraic structure on the space of al-
ternatives, and it captures a sense in which convexity is related to the background consider-
ations used to form the preferences. In Richter and Rubinstein (2019), it was shown that this
definition encompasses the standard definition of convex preferences in a Euclidean space by
taking Λ to be the set, denoted Ψ , of all “algebraic linear orderings”—those represented by a
utility function α · x for some non-zero vector α.

In this paper, we continue this research agenda by offering a new definition of “convex-
differentiable (CD) preferences” that does not rely on any algebraic structure. The definition
is related to the standard requirement that preferences be represented by a differentiable and
quasi-concave utility function with a non-zero gradient at every non-maximal point, but it will
be shown to be different. The concept requires that, for each non-maximal alternative, there is
a unique primitive ordering in Λ that is both necessary for improvement and sufficient for de-
terioration according to the preferences. We call this ordering the gradient of the preferences
at that alternative.

Notice thatΛ-convex-differentiability adds the following two requirements toΛ-convexity:
(i) moving down in the ordering harms preferences, and (ii) there is no other such ordering.
Returning to our previous example of ranking candidates, given some Λ-CD preferences over
the candidates, if research is the gradient at candidate x , then not only is being a better re-
searcher necessary for being judged above x , but also (i) any candidate who is inferior to x in
research is judged to be inferior and (ii) there are no other such criteria.

As will be shown, these properties hold for the standard gradient in the Euclidean setting.
However, the standard gradient has another property, namely that small local moves in the
direction of the gradient are strictly improving, which we do not require. Given that the space
is abstract, often there is no notion of local moves.

Our interest in a new definition of differentiable preferences emerged as a purely concep-
tual discussion. Accordingly, we study some basic properties of the concept and characterize
the set of Λ-convex-differentiable preferences in a number of settings, both finite and infinite.
As a demonstration of its potential within a classical economic setting, we consider an ex-
change economy with two agents and a finite set of distinct indivisible goods. It is well known
that in such economies, the second welfare theorem can fail (Shapley and Scarf, 1974). We let
Ω consist of all linear pricing orderings and show that for the two-agent exchange economy,
if both agents’ preferences satisfy a variant of Ω-convex-differentiability, then the second wel-
fare theorem holds: any Pareto-optimal allocation is also a competitive equilibrium outcome
with linear prices.

Our definition differs from the standard definition of differentiability even when X is a
Euclidean space and the possible directions of improvement are linear. For example, the pref-
erences need not be continuous (see Section 3). For that case our approach is closely related
to that of Rubinstein (2006), who proposed an alternative definition of differentiable prefer-
ences on Euclidean spaces without using the term “utility”. We compare the two definitions in
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Section 3. However, our definition is not restricted to Euclidean spaces, depends crucially on

the choice of possible directions of improvement and does not rely on a notion of closeness.

There are several conceptual aspects of our notion of differentiability that warrant further

discussion and motivation.

Convexity of preferences. Our formal notion of differentiability applies only to preferences

that are Λ-convex. Why do we use convexity in order to describe differentiability of prefer-

ences? One reason is that convexity of preferences is a ubiquitous assumption in economics

and we feel that focusing on convex preferences would serve the purpose of the paper better.

More importantly, we think ofΛ as a set of building blocks in the formation of preferences.

It provides a language through which we can express features of the alternatives (geometric or

otherwise) and properties of preferences. The concept of Λ-convexity includes the standard

notion of convex preferences in Euclidean spaces whenΛ is taken to be the set of algebraic lin-

ear orderings. But with the right choice of primitive orderings, it can express other properties

as well: monotonicity, concavity, kinkedness, and much more. Admittedly, it was probably a

mistake to use the term Λ-convexity; we did so at the time because it seemed to be a natural

extension of the standard notion of convex preferences.

The notion is also applicable to settings with a finite set of discrete goods, which means

that we can use Λ-convex-differentiability to study, for example, economies with indivisible

goods (see Section 8). This stands in contrast to the usual approach which convexifies the

space of alternatives by adding, for example, lotteries, in order to use the standard convexity

toolkit. Using theΛ-convexity language, we were able to derive new welfare theorems in many

settings (Richter and Rubinstein, 2015). In the current paper, we will see that a variant of Λ-

convex-differentiability is powerful and derive a novel second welfare theorem for a two-agent

exchange economy with indivisible goods.

Why these particular definitions? The most important reason for our central definition is that

it has a simple verbal expression: at each non-maximal point, there is a unique primitive con-

sideration that governs the preferences. The second reason is that, as we will soon see, the

definition extends the standard definitions in a wide range of cases.

The reader may think of other definitions of differentiable preferences for abstract spaces.

In general, we do not believe that there should necessarily be a single definition of differen-

tiable preferences, and we expect different, related definitions will be useful in different con-

texts. Indeed, we use two. The central definition focuses on one appealing aspect of differen-

tiability: the uniqueness of the gradient. However, our notion of a gradient can break down

at the boundaries, and so we also introduce a weaker notion, especially relevant for bounded

spaces (see Sections 7–8).

Turning to the standard framework, recall that the toolkit of mathematical analysis also

contains a rich variety of differentiability concepts for multivariate real-valued functions de-

fined on Euclidean spaces. All require the existence of partial derivatives. Partial differen-

tiability requires only the existence of derivatives along the axes; directional differentiability

requires the existence of derivatives in every direction; and standard differentiability requires

that those derivatives at a point be connected by a linear formula. No single definition is the

right one; each captures a particular property.

https://econtheory.org
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2. DIFFERENTIABLE CONVEX PREFERENCES

Let X be a non-empty set and let Λ be a set of primitive orderings, each being a preference re-

lation (namely, a complete, transitive, and reflexive binary relation) on X . We denote a generic

primitive ordering by Ä∈Λ.

Following Richter and Rubinstein (2019), we first provide a definition of Λ-convexity. The

concept of Λ-convexity links the underlying set of primitives, Λ, and the preferences, ¥. Sup-

pose that a buyer is considering cell phones that vary in price, resolution, and attractiveness.

The notion of Λ-convexity says that for any cell phone c , there must be at least one critical

ordering such that every phone which is preferred to c is superior by that ordering. That is, if

price is a critical ordering at c , then being cheaper is necessary for a cell phone to be preferred

to c , but it does not mean that the buyer prefers every cheaper phone to c .

Formally, given a preference relation ¥ on X we say that Ä∈Λ is critical at x if for every y ,

it is necessary for y � x that y Â x (where � and Â are the strict parts of ¥ and Ä, respectively).

The relation ¥ is Λ-convex if for every x ∈ X there exists at least one critical ordering in Λ.

Note that, if Ä is critical at x , then any alternative that is weakly Ä-lower must be weakly ¥-

dispreferred.

Turning to our differentiability notion, we first need a notion of a gradient, which is a

strengthening of the above criticality property. Again, suppose that a buyer is considering

cell phones which vary in their price, resolution, and attractiveness. A gradient is an order-

ing such that every phone which is preferred to c is superior by that ordering and every cell

phone which is lower than c by the gradient is strictly worse than c . That is, if price is a critical

ordering at c , then being cheaper is necessary for a cell phone to be preferred over c and being

more expensive is sufficient for a cell phone to be strictly dispreferred to c . The change is that

for an ordering to be critical, strictly lower-ordered alternatives are weakly dispreferred, but

for a gradient, they are strictly dispreferred.

Formally, an ordering Ä∈Λ is a gradient of ¥ at x if

(i) if y � x , then y Â x ; and

(ii) if x Â y , then x � y .

In other words, let U�(x ) and L�(x ) denote the strict upper contour set and the strict lower

contour set at x with respect to¥. A gradient at x is a primitive orderingÄ∈Λ such that UÂ(x )⊇
U�(x ) and LÂ(x )⊆L�(x ).

We now come to the central definition of our differentiability notion. Given the already

established framework, it is very simple: at any non-maximal point, the preference relation

has a unique gradient. As discussed earlier, uniqueness of the gradient is an appealing and

important property of standard differentiable preferences in Euclidean spaces. Formally, a

preference relation¥ isΛ-convex-differentiable (Λ-CD) if, for any non-maximal element x ∈X ,

there is a unique gradient∇¥(x ) in Λ. Denote by D (Λ) the set of Λ-CD preference relations.

DISCUSSION. What is special about maximal alternatives? In the standard setting, typically,

the gradient at a point indicates the “direction of improvement”. But at interior maximal

points, no such direction exists, and the gradient is simply the zero vector. Our notion ofΛ-CD
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preferences is direction-based, and at maximal points there is no unique direction of improve-

ment. We could have augmented our definition by adding to Λ a special zero direction that

would serve as the gradient at maximal points, but rather than complicating the structure, we

prefer to simplify the definition and require unique gradients only at non-maximal points.

3. Λ-CD AND STANDARD DIFFERENTIABILITY

In the standard Euclidean setting, a preference relation is differentiable if it is representable

by a differentiable utility function.

We now show that the definition of Λ-CD extends the standard definition on Euclidean

spaces.

Let X =RK , and Ψ be the set of algebraic linear orderings, that is, Ψ = {Äv |v ∈RK \ {0}}
where Äv is the ordering represented by the function v · x . The following proposition shows

that the Ψ-CD notion extends standard differentiability.

PROPOSITION 1. (i) If a preference relation ¥ on RK is monotonic, convex and represented by

a differentiable utility function u with a non-zero gradient at all x , then ¥ is Ψ-CD and the

gradient ordering is Ä∇u (x ).

(ii) There are Ψ-CD preferences on RK which are monotonic and convex, but are not repre-

sentable by a continuous utility function u.

PROOF. (i) Take a preference relation¥ that is monotonic, convex and represented by a differ-

entiable utility function u with a non-zero gradient at every x .

At any x which is ¥-non-maximal it needs to be seen that (a) Ä∇u (x ) is a gradient ordering

and (b) there is no other.

To see (a), by the convexity of the preferences, U¥(x ) is convex. For every z ∈U¥(x ) and

every ε ∈ (0,1), u
�

x + ε(z − x )
�

≥ u (x ). Differentiability therefore implies ∇u (x ) · (z − x )≥ 0.

Thus, since∇u (x ) 6=0, the hyperplane through x with normal vector∇u (x ) supports U¥(x ) at

x . If u (y )>u (x ), then continuity implies that y is an interior point of U¥(x ). Hence, ∇u (x ) ·
(y − x )> 0, since an interior point cannot lie on a proper supporting hyperplane. Therefore,

y Â∇u (x ) x . Conversely, if ∇u (x ) · (z − x )<0, then z /∈U¥(x ), and therefore u (z )<u (x ). Thus,

Ä∇u (x ) is a gradient ordering at x .

To see (b) suppose that there is another gradient Ä′. Notice that for any such gradient,

there must be some z such that x Â′ z and yet z Â∇u (x ) x . By the definition of ∇u (x ), it must

be that εz + (1−ε)x � x . But this contradicts Ä′ being a gradient because x Â′ εz +(1−ε)x .

(ii) While standard differentiable preferences need to be continuous, this is not true of Ψ-CD

preferences: there areΨ-CD, monotonic, and convex preferences that are not continuous. Fig-

ure 1 provides an example of such a preference relation on R2, which even has a utility repre-

sentation.

The proposition shows that the set of monotonic, convex, continuous, and standard dif-

ferentiable preference relations is subsumed by our definition. However, the spirit of the defi-

nition is not identical. The standard definition also requires that x +εd � x for any d satisfying

d ·∇u (x )>0 and sufficiently small ε >0, a requirement that has no analogue in our definition.

https://econtheory.org
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U (x1, x2)=

(

x1 if x1≤0

e x2 if x1>0

x1=0

FIGURE 1. Ψ-CD preferences that are not continuous.

Relationship to Rubinstein’s (2006) notion of differentiability. Rubinstein (2006) proposed an

alternative definition of differentiable preferences on Euclidean spaces. A revised formulation

of the definition appeared in the 2012 version (pp. 55–56).1

A preference relation ¥ on X is R -differentiable if, for every x ∈ X , there exists a vector

v (x )∈RK
+ \{0} such that

�

z ∈RK
�

� x + z ∈X and v (x ) · z >0
	

=

�

z ∈RK

�

�

�

�

x + z ∈X and ∃λ∗>0 such that
x +λz � x for every λ∈ (0,λ∗)

�

.

In other words, at every point there is a vector of local values such that a direction is locally

improving precisely when it has positive value according to this vector.

Both Λ-CD and R -differentiability seek to extend the standard notion of differentiabil-

ity without any reference to utility functions. The main difference between them is that Λ-

CD is an abstract notion applicable to general domains, whereas R -differentiability is formu-

lated for Euclidean spaces. However, even when attention is restricted to convex preferences

on Euclidean spaces and Λ=Ψ , the notions differ in several respects. Most importantly, R -

differentiability identifies a vector such that a move’s having positive value according to this

vector is locally both necessary and sufficient for improvement. By contrast, Λ-CD identifies

a unique gradient ordering such that advancement according to this ordering is necessary for

improvement, whereas movement against it is sufficient for deterioration.

The two concepts agree on the interior of X for monotonic, convex and continuous pref-

erences,2 but might differ on the boundary. For example, let X =R2
+. The preference relation

represented by U (x1, x2) = x1 + x2 is R -differentiable at the origin but is not Λ-CD there, be-

cause the gradient ordering is not unique at this boundary point. Our later notion of Λ-TCD

addresses this boundary issue.

1Renou and Schlag (2014) also propose a notion of ordientability that coincides with R -differentiability for con-

vex, continuous, and monotone relations onRK . Diasakos and Gerasimou (2022) discuss the connection between

R -differentiability and smooth indifference sets.
2That R -differentiability implies Ψ-CD is because monotonicity, convexity, and continuity ensure that the vec-

tor characterizing local improvements is also a gradient, and interiority ensures that the gradient is unique. The

reverse implication follows from a separating-hyperplane argument.
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4. PROPERTIES OF Λ-CD PREFERENCES

(I) Existence of non-trivial Λ-CD preferences. Total indifference is trivially a Λ-CD preference

because every alternative is maximal. The existence of a non-constant Λ-CD preference is not

guaranteed. For example, if X has at least three elements and Λ contains all strict orderings

on X , then no non-constant preference relation is Λ-CD since at any non-maximal element

there are multiple gradients (including all primitive orderings which rank that element at the

bottom).

(II) Differentiability of primitive orderings. Natural candidates for Λ-CD preferences are the

members ofΛ themselves. However, the above example demonstrates that members ofΛneed

not be Λ-CD. A condition which guarantees that the primitive orderings are themselves Λ-CD

is non-nested upper contours: for all x , there are no two orderings Ä,Ä′ ∈Λ such that UÂ(x )⊇
UÂ′ (x ) 6=;. This condition is satisfied by the set of algebraic primitive orderings on RK .

(III) A Pareto property. As noted in Richter and Rubinstein (2019), a weak Pareto property

holds even if the preferences ¥ are just Λ-convex. If a Äb for all Ä∈Λ, then a ¥b since other-

wise there would be no critical ordering at a .

If ¥ is Λ-CD, then a strict Pareto property also holds: if a Â b for all Ä∈Λ and b is not ¥-

maximal, then a �b . This is because if a is ¥-maximal, then we are done. If not, then there is

a gradient at a , and b is lower than a by that gradient, so by property (ii) of the definition of

Λ-CD preferences, it must be that a �b .

(IV) Λ-CD preferences with a unique primitive ordering. If Λ= {Â} and Â is strict, then Â is

the unique strict Λ-CD preference relation: for any preference relation, if b � a and a Â b ,

then there is no gradient at a . The only other Λ-CD preference relations are those formed

by creating indifferences at the top and continuing the strict preference thereafter. (Suppose

a ∼ b are not ¥-maximal and without loss of generality a Â b . Then, the gradient at a has to

be Â and therefore a �b by property (ii) of the gradient, a contradiction.)

(V) D (Λ1) and D (Λ2) need not be nested when Λ2 ⊃Λ1. We have seen that if Λ1 consists of a

single strict ordering it is Λ1-CD, but it is not Λ2-CD when Λ2 contains all orderings. In ad-

dition, if Λ1 consists of a single strict ordering and Λ2 also includes its opposite, then both

orderings in Λ2 are Λ2-CD, but only the original one is Λ1-CD.

5. DIFFERENTIABILITY AND OPTIMALITY

Given any primitive ordering Ä and an alternative e , define B (e ,Ä) = {x ∈ X |e Ä x } to be a

budget set. We refer to Ä as the expenditure ordering and x Ä y means that x is (weakly) “more

expensive” than y . We make the following analogy to a standard “budget frontier” condition:

given any expenditure ordering Ä, any ¥-maximal alternative from any budget set B (e ,Ä) is

Ä-maximal. The following claim is analogous to a standard price theory result:

CLAIM 1. Let ¥ be Λ-CD preferences that satisfy the budget frontier analogy and e ∈ X be not

¥-maximal. The alternative e is ¥-maximal in B (e ,Ä) if and only if ∇¥(e )=Ä.

https://econtheory.org
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PROOF. Assume that Ä is the gradient at e . If y � e , then y Â e (by property (i) of the gradient)

and thus y /∈B (e ,Ä). Therefore, e is ¥-maximal in the budget set B (e ,Ä).
For the other direction, assume that e is ¥-maximal from B (e ,Ä). Then, Ä is a gradient at

e by the budget frontier analogy, and since the preferences are Λ-CD it is the only gradient at

e .

Claim 2 states the price-theory duality result according to which “expenditure minimization”

and “preference maximization” are “equivalent” when preferences are differentiable. Let e ∈X

be the individual’s “endowment”. Suppose that x ∗ is ¥-maximal in B (e ,Ä) but not ¥-maximal

in X . Define U¥(x ∗)= {y ∈X | y ¥ x ∗} to be the weak upper contour of x ∗ and suppose that x ∗∗

is Ä-minimal in U¥(x ∗).

CLAIM 2. If ¥ is a Λ-CD preference relation satisfying the budget frontier analogy, then x ∗ and

x ∗∗ are (i) ¥-indifferent and (ii) Ä-indifferent.

PROOF. (i) By the definition of x ∗∗, it holds that x ∗∗¥ x ∗. Since e Ä x ∗Ä x ∗∗, it holds that x ∗∗ ∈
B (e ,Ä), and therefore x ∗¥ x ∗∗.

(ii) Since x ∗∗ isÄ-minimal in U¥(x ∗), it holds that x ∗Ä x ∗∗. Since x ∗ is¥-maximal from B (e ,Ä),
it is also ¥-maximal in B (x ∗,Ä). By Claim 1, the gradient at x ∗ is Ä. Thus, if x ∗ Â x ∗∗, then

x ∗� x ∗∗, contradicting x ∗∼ x ∗∗. Therefore, x ∗ and x ∗∗ must be Ä-indifferent.

6. DIFFERENTIABILITY WITH TWO PRIMITIVES

To better understand the Λ-CD notion, we now consider a case with only two primitives: the

horizontal primitive→ and the vertical primitive ↑, both on a finite grid and on a square. For

the grid, standard differentiability is not well-defined because the space is a finite grid of iso-

lated points. Nevertheless, there is still meaning to phrases such as “direction of improve-

ment” and the analysis will demonstrate how the Λ-CD notion operates on such spaces where

standard differentiability cannot. The continuous square case is analyzed to demonstrate the

difference between the standard differentiability definition and ours. The only preferences on

a square with a differentiable utility function that always has either a rightward or an upward

gradient are those represented by either U (x1, x2)= x1 or U (x1, x2)= x2. In contrast, there is a

rich family of Λ-CD preferences according to our definition.

Horizontal and vertical primitives on a finite grid. Let X = {0,1,2, . . . , K }×{0,1,2, . . . , K } and

Λ= {→,↑}, where (a1,a2)→ (b1, b2) if a1≥ b1 and (a1,a2)↑ (b1, b2) if a2≥ b2. A Λ-CD preference

relation with a unique maximum is illustrated in Table 1: the key feature of the example is

that for each non-maximal alternative, there is a unique direction in which moving is a strict

improvement while moving in the other direction preserves indifference.

CLAIM 3. Any Λ-CD preferences ¥ with a unique maximum are characterized by a path p0 =
(0,0), . . . ,p2K =(K , K ).
For each i <2K , if ∇¥(pi )=↑ (and analogously if ∇¥(pi )=→), then

1. pi+1=pi +(0,1)

https://econtheory.org
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TABLE 1. Illustration of Λ-CD preferences on a two-dimensional grid and two primitive orderings.

a2

4 1→ 4→ 5→ 6→ 8

3 1→ 4→ 5→ 6→ 7 ↑
2 1→ 3 ↑ 3 ↑ 3 ↑ 3 ↑
1 1→ 2 ↑ 2 ↑ 2 ↑ 2 ↑
0 0 ↑ 0 ↑ 0 ↑ 0 ↑ 0 ↑

0 1 2 3 4

a1

Note: The numbers in the entry (a1,a2) are utility numbers which represent the preferences. The arrow indicates the gradient at
each entry. The colored path from the worst alternative to the best uniquely determines the preferences.

2. every point to the right of pi is indifferent to pi and

3. every point weakly to the right and strictly above pi is strictly preferred to pi .

PROOF. Let ¥ be Λ-CD preferences. By the weak Pareto property of Λ-convexity, the prefer-
ences are weakly monotonic. Let p0=(0,0) and assume without loss of generality that its gra-
dient is ↑.

We will show that every point above it is strictly preferred and every point to the right of it
is indifferent. For any a >0, it holds that (a ,0)¥ (0,0) by weak monotonicity and (a ,0)­ (0,0)
by the gradient at (0,0) being ↑. Therefore (0,0)∼ (a ,0) for every a >0.

It cannot be that (0,0)∼ (0, b ) for every b since in that case → would also be a gradient
at (0,0) (which is unique by Λ-CD). Thus, there must be some b for which (0, b )� (0,0). If
(0,1)∼ (0,0), then the gradient at (0,1) is ↑ because (0, b )� (0,0)∼ (0,1). However in that case
(0,1)� (0,0) by property (ii) of the gradient, a contradiction. Thus, (a , b )� (0,0) for all b >0 by
weak monotonicity.

Remove the bottom row and the proof continues by induction on the remaining set of
alternatives with p1=(0,1).

To summarize, there is an “increasing” and “continuous” path from (0,0) to (K , K ) such
that at every point on it, one direction preserves indifference and the other specifies strict
improvement.

The set ofΛ-CD preferences is strictly smaller than the set ofΛ-convex preferences for this
setting. For example, the preferences represented by min{x1, x2} are Λ-convex but not Λ-CD
because at the point (1,1) (for example) there is no unique gradient because both primitive
orderings are gradients.

The procedure described above to construct the Λ-CD preferences has a natural interpre-
tation when the two orderings reflect the preferences of two agents, 1 and 2. The preferences
are constructed sequentially. First one agent, say i1, is selected and all i1-worst alternatives are
assigned to the same indifference class and are placed at the bottom of the ranking. Then, an
agent i2 (who may be the same as i1) is selected and all i2-worst alternatives among the as-yet-
unranked alternatives are assigned to be indifferent, strictly above those already ranked. And
so on, until all alternatives are ranked. In other words, the preferences can be thought of as
the outcome of a sequential procedure according to which, at each stage, rather than stating
what is best, an agent is selected and specifies his worst alternatives, which are then placed
above all previously ranked alternatives.

https://econtheory.org
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R

U

FIGURE 2. Λ-CD preferences. The boundary between the regions U and R is indicated in blue and the

preferences are strictly increasing along this path. The partition U ,R indicates the gradient (if x ∈U the

gradient is ↑, otherwise it is→), which is displayed as arrows. Indifference lines are indicated by dashed

lines and they are ranked by where they touch the path. If two indifference lines touch the path at the

same point, then they are ranked by that point’s membership in U or R (the red dashed indifference

lines at a point are preferred to the gray).

Horizontal and vertical primitives in the plane. Let X =[0,1]2 and Λ= {→,↑}. Claim 4 char-

acterizes allΛ-CD preferences. It demonstrates that the set ofΛ-CD preferences is much richer

than the set of standard differentiable preferences for which the gradient at each point is ei-

ther (1,0) or (0,1)which includes only the two preferences represented by the utility functions

x1 and x2. Figure 2 illustrates such a preference relation.

CLAIM 4. Let ¥ be a monotonic preference relation on X with a unique maximum. Then ¥ is

Λ-CD if and only if X \{(1,1)} can be partitioned into two sets U and R such that:

(i) if x ∈U , then any point weakly below and to the right of x is also in U ; equivalently, if

x ∈R , then any point weakly above and to the left of x is also in R ;

(ii) any point (a , b )∈U lies on a horizontal indifference line, denoted Hb , connecting it to

(1, b ) and any point (a , b )∈R lies on a vertical indifference line, denoted Va , connecting

it to (a ,1);

(iii) for two horizontal indifference lines Ha and Hb the former is preferred if and only if

a >b , and likewise for any two vertical indifference lines Va and Vb ; to compare Va with

Hb , consider the point (a , b ): if it is in U , then Va �Hb and if it is in R , then Hb �Va .

PROOF. Obviously the preferences with the structure described in the claim are Λ-CD with

∇¥(x ) = ↑ if x ∈U and ∇¥(x ) =→ if x ∈R . In the other direction, consider a Λ-CD preference

relation ¥. Let R = {x ∈X \{(1,1)}|∇¥(x )=→} and U = {x ∈X \{(1,1)}|∇¥(x )= ↑}. Notice that

it is impossible for there to be points x ∈R and y ∈U such that y is weakly up and to the left of

x . If such an x and y existed, then by property (i) of the gradient, y ¥ x because∇¥(y )=↑ and

likewise x ¥ y because∇¥(x )=→. But by property (ii) of the gradient, at least one preference

must be strict. Therefore, if x ∈U , then any point below and to the right of x is in U (and

analogously for x ∈R ).
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For any x , if∇¥(x )=↑ then any point y to the right of x must be indifferent to x (it must be
that y ¥ x by the weak Pareto property and it must be that y ­ x by ∇¥(x )= ↑). An analogous
argument applies for any x with∇¥(x )=→.

Finally, suppose that (1, b )∈U and (a ,1)∈R where a , b 6=1. Without loss of generality, as-
sume that (a , b )∈U . By monotonicity, (a ,1)¥ (a , b ). If (a ,1)∼ (a , b ), then all of the points on
the L-shaped broken line segment traced out by the points (1, b ), (a , b ), and (a ,1) are indif-
ferent. In this case→ would also be a gradient at (a , b ), contradicting uniqueness. Therefore,
(a ,1)� (a , b ), and hence Va �Hb . The rankings of two horizontal lines and of two vertical lines
follow from monotonicity and property (ii) of the relevant gradients.

7. A MODIFIED DEFINITION (Λ-TCD)

For the rest of the paper, we work with a variant of the notion of differentiable preferences. The
motivation for this modification is that, in some cases, a preference relation may have multiple
gradients, but among these gradients there is at least one that is tighter than all the others, in
the sense that it has the smallest upper contour set. We call such a preference relation tight
convex differentiable, denoted TCD, and refer to such a gradient as a tight gradient.

Formally, given a preference relation ¥, a gradient Ä ∈Λ at x is a tight gradient of ¥ at
x if, for every other gradient Ä′ at x , we have that y Ä x implies y Ä′ x . A Λ-tight-convex-
differentiable preference (Λ-TCD preference) is a preference satisfying the requirement that,
for every non-maximal x , there is a tight gradient. Obviously, every Λ-CD preference is Λ-
TCD. Also, notice that any Ä ∈Λ is Λ-TCD, where at every point the tight gradient of Ä is Ä
itself.

To demonstrate the concept, consider the preferences on R2
+ represented by

U (x1, x2)= x1+x2. These preferences are standard differentiable, but ifΨ is the set of algebraic
linear orderings, then they are not Ψ-CD, since at the point (0,1) any ordering ≥(v1,v2), where
0< v2≤ v1, is a gradient. However, the preferences are Ψ-TCD since ≥(1,1) is a tight gradient at
every point.

We now show that continuousΨ-TCD preferences need not be representable by a standard
differentiable function.

CLAIM 5. A continuous, monotonic and convex preference relation ¥ onR2
+ may be Ψ-TCD and

yet not be representable by a function u that is standard differentiable and satisfies

y � x =⇒ ∇u (x ) · (y − x )>0.

PROOF. Consider the following example, based on Dekel (1986) and Neilson (1991), of a pref-
erence relation on X =R2

+ that is convex, continuous, and Ψ-TCD. The example uses a func-
tion f : [1,2]→ [1,2] constructed by Billingsley (1986, Example 31.1), which is continuous and
strictly monotonic, satisfies f (1)=1 and f (2)=2, and has derivative 0 almost everywhere. De-
fine g :R+→R+ by g (z )= f (z ) if z ∈ [1,2] and g (z )= z otherwise. Let¥ be a monotonic prefer-
ence relation on X for which (z ,0)∼ (0,g (z )) for every z , with an indifference line connecting
any two such points; see Figure 3 for an illustration.

The preference relation is continuous andΨ-TCD: At the origin, every gradient ranks every
nonzero point in R2

+ above the origin. Hence, all gradients have the same upper contour set
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FIGURE 3. A continuousΨ-TCD preference relation need not be representable by a differentiable utility

function with a gradient that points in the direction of improvement.

there and are tight. Every other point lies on some indifference line (z ,0)− (0,g (z )) and the
tightest gradient is the normal to the indifference line. Suppose that ¥ is representable by a
differentiable function u , and denote by ui the partial derivative with respect to dimension i .
Since u (z ,0)=u (0,g (z )) for every z , it follows that u1(z ,0)=u2(0,g (z ))g ′(z ).

Thus, u1(z ,0) = 0 for almost every z ∈ [1,2]. Choose z ∈ [1,2) such that g ′(z ) = 0, and let
z ′> z . Then (z ′,0)� (z ,0), whereas ∇u (z ,0) · (z ′− z ,0)=u1(z ,0)(z ′− z )=0. Thus, the gradient
of u does not point strictly in every direction of improvement.

8. APPLICATION: COMPETITIVE EQUILIBRIUM IN A BUNDLES-OF-ITEMS ECONOMY

In this section we apply our approach in order to shed light on an old problem: what, if any,
are the competitive equilibrium outcomes of an exchange economy with a finite set of dis-
tinct and indivisible goods? Equilibrium existence results were achieved in the case in which
agents maximize the utility of the bundle minus the cost of the bundle when the agents’ util-
ities satisfy the “gross substitutes” condition in Kelso and Crawford (1982). Generalizations
of this proposition admitting both substitutes and complements were proven in Baldwin and
Klemperer (2019) and Baldwin, Jagadeesan, Klemperer, and Teytelboym (2023).

In a setting like ours, without utility for money, Babaioff, Nisan, and Talgam-Cohen (2021)
establish a second welfare theorem for the case of two agents with linear ordinal preferences.
We extend this result for any two-agent economy with a finite set of distinct and indivisible
goods under the assumption that the agents’ preference relations are strict andΩ-TCD (where
Ω will be the set of strict linear orderings as below). Such preference relations need not be
linear.

Consider a two-agent exchange economy where there is a finite set of distinct items Z and
the space of bundles is X = 2Z , that is, all subsets of Z . There are two agents, 1 and 2, and
each of them has strict preferences over X , denoted�1 and�2. A pricing function p : Z →R++
gives rise to a price for any bundle A ∈X by p (A)=

∑

a∈A
p (a ). The orderingÄp on X is the “more

expensive” relation according to p , that is, A Äp B if p (A)≥p (B ). Let Ω be the set of all strict
Âp (that is, there are no two equally priced bundles according to the price vector p ). Since
the orderings are strict and agents have strict preferences, for Âp to be a gradient at A, it is
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TABLE 2. An economy with two Ω-convex preferences for which a Pareto-efficient allocation (in green)

is not an equilibrium outcome.
¥1 ¥2

a c a d

b d b c

a b c d

a d , b c , c d a b ,a c , b d

necessary and sufficient that B �A implies p (B )>p (A). That is, condition (i) of the gradient

implies condition (ii) of the gradient.

An equilibrium of this economy is a partition (A1, A2) of Z and a price vector p such that

for each agent i and each bundle B , if B �i Ai , then p (B )>p (Ai ). That is, any strictly preferred

bundle is unaffordable.

Richter and Rubinstein (2015) showed that the second welfare theorem can fail for Ω-

convex preferences (which were shown to be precisely the weakly monotonic preferences).

That is, there can be Pareto-efficient allocations which are not supported as a linear price

equilibrium. Table 2 shows such an example. The table reports only the rankings among dou-

bletons. Complete each preference on X by ranking every bundle of larger cardinality strictly

above every bundle of smaller cardinality. Within the singleton and triple classes, complete

the rankings arbitrarily.

The allocation (a b , c d ) is Pareto efficient, but it is not an equilibrium outcome: For p

to be linear equilibrium prices they must satisfy p (a )>p (c ) (because a d �2 c d ), p (c )>p (b )
(because a c �1 a b ), and p (b )>p (d )>p (a ) for similar reasons. But that is an impossible cycle.

The set of Ω-TCD preferences includes Ω, but also much more. For example, consider the

preferences: a b c �a b �a c �b c � c �b �a �;. These preferences are not inΩ because c �b

and yet a b �a c . In this example, b is more of a complement to a than c is. To verify that the

preferences are Ω-TCD: For any doubleton, the pricing function p (a ) =6, p (b ) =5, p (c ) =4 is

a tight gradient. For any singleton, the pricing function p (a ) = 4, p (b ) = 5, p (c ) = 6 is a tight

gradient. Every gradient is tight at ;.
We will now show that for two-agent economies with Ω-TCD preferences and indivisible

distinct goods, the second welfare theorem does hold.

CLAIM 6. Let �1,�2 be strict Ω-TCD preferences. Then, any Pareto-efficient allocation is a price

equilibrium outcome.

PROOF. Given a Pareto-efficient partition (A1, A2), for each i , denote a tight gradient of�i at Ai

by Âpi
. We will show that each Âpi

constitutes an equilibrium ordering. We call V a violating

set for agent i if V �i Ai and pj (Ai )>pj (V ) (for j 6= i ). If a violating set exists, then pj is not

an equilibrium price ordering because agent i has a set V which he prefers to Ai and which is

cheaper by pj . If no violating set for agent i exists, thenÂp j
is an equilibrium ordering (agent j

does not prefer any strictly pj -lower bundle because Âp j
is a gradient of � j ).

Denote by SD (A, B ) the size of the symmetric difference between A and B . There is no

violating V for any i with SD (Ai ,V ) =1. If V =Ai \ {b } for some b , then it is impossible that

V �i Ai , and if V = Ai ∪ {b } for some b , then it is impossible that pj (Ai )>pj (V ). It remains
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to be shown that for any violation V for agent i with SD (Ai ,V )>1, there is a violation V ′ for

agent j with SD (Ai ,V )>SD (A j ,V ′).
Suppose that V is a violation (without loss of generality) for agent 1, that is, V �1 A1 and

p2(V )<p2(A1). Since V �1 A1, Pareto optimality implies that A2 �2 V c . Since p2(V )<p2(A1)
and Z =A1∪A2=V ∪V c , it holds that p2(V c )>p2(A2).

To construct a violation with smaller symmetric difference, we need our old friend (Farkas’

lemma). To utilize it, we represent any bundle S with the indicator vector 1S .

As mentioned earlier, property (ii) of the gradient condition is automatically implied by

property (i) because preferences are strict. So, an ordering Âq is a gradient of �2 at A2 if and

only if q ·1S >q ·1A2
for every S ∈U�2

(A2).
Since the preferences are Ω-TCD and Âp2

is a tight gradient at A2, there is no gradient Âq

at A2 with q (A2)>q (V c ). Then, there does not exist a positive vector q such that q ·1S >q ·1A2

for all S ∈U�2
(A2) and q ·1A2

>q ·1V c because then q +εp2 would be a gradient which places

V c below A2, contradicting p2 being tight.3 Let Γ be a matrix that has as its columns 1S −1A2

for every S ∈U�2
(A2) as well as one standard unit vector for each good. By the foregoing, there

exists no vector q for which each entry of the matrix product q Γ is strictly positive, yet q ·(1V c −
1A2
)<0. By a perturbation argument, nor does there exist any vector q for which each entry of

q Γ is weakly positive, yet q · (1V c −1A2
)<0.4 Farkas’ lemma then implies the existence of some

non-negative vector α such that Γα=1V c −1A2
. Given the structure of the matrix Γ , the entries

of the vector α that correspond to the unit vectors in Γ can be considered as non-negative

“dummy” variables, so that the following holds:

1V c −1A2
≥

∑

W ∈U�2 (A2)

αW (1W −1A2
) (∗)

for some set of non-negative coefficients (αW ). Let U +(A2) consist of all W ∈U�2
(A2) for which

αW >0.

Let W ∈U +(A2). If a ∈V c ∩A2, then a can be added to W and (∗) continues to hold. Thus,

without loss of generality A2 \W ⊆A2 \V c . Next, if s ∈W \A2, then s ∈V c \A2. Therefore, W \
A2⊆V c \A2. Thus, SD (W , A2)= |A2 \W |+ |W \A2|≤ |A2 \V c |+ |V c \A2|=SD (V c , A2). Finally,

since W �2 A2�2 V c , it must be that W 6=V c , and thus SD (W , A2)<SD (V c , A2)=SD (V , A1).
So, all W ∈U +(A2) have a strictly smaller symmetric difference than V c and W �2 A2. To

see that at least one of them constitutes a violation, multiply inequality (∗) by p1. Notice that

p1 ·(1V c −1A2
)=p1 ·(1A1

−1V )<0 because V �1 A1 andÂp1
is the gradient of�1 at A1. Therefore,

p1 ·
�∑

W ∈U +(A2)αW (1W −1A2
)
�

< 0 and so there is at least one W ∈U +(A2) such that p1(W )<
p1(A2). Thus, W is a violation for agent 2 with a smaller symmetric difference than V .

REMARK. Claim 6 proves the stronger result that, in a two-agent economy with strict, mono-

tonic preferences, a Pareto-efficient allocation is supportable whenever each agent’s prefer-

ence has a tightΩ-gradient at that agent’s allocated bundle; tightness need not hold elsewhere.

3The issue is that the vector q may not be a gradient because it prices two bundles the same, but then q +εp2

for sufficiently small ε prices every bundle differently and maintains the above strict inequalities, contradicting p2

being a tight gradient at A2.
4The perturbation is the same as before, q +εp2 for sufficiently small ε.
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TABLE 3. Failure of the second welfare theorem in a three-agent economy.
1 2 3

a 16 8 ε

b 1 1 2

c 2 16 16

d ε 2 3

e 8 ε 8

f 12 12 4

Note: A Pareto-efficient allocation (in green) that cannot be supported by an equilibrium price vector, even though preferences are
linear and strict.

REMARK. The following example shows that the second welfare theorem is no longer guaran-
teed to hold in bundles-of-items economies with more than two agents, even if agents have
linear preferences.

Consider an economy with three agents and six goods. Agent 1 owns the bundle a b ,
agent 2 owns the bundle c d , and agent 3 owns the bundle e f . The agents’ valuations of the
individual items are as indicated in Table 3. Fix 0<ε < 1. Each agent’s valuations of bundles
are linearly additive and the induced preferences are strict.

The allocation is Pareto optimal: In any Pareto improvement, agents 1 and 2 would both
have to consume more than one good. If agent 3 got c , then agent 2 has to at least take both a
and f , but then the most agent 1 would be left with is b d e , leaving agent 1 worse off. Without
getting c , agent 3 would need two goods and those must be e f . But, then a b for agent 1 and
c d for agent 2 maximizes their total utility, and so no Pareto improvement among them is
possible.

However, no linear equilibrium price vector exists: If p were to be one, it would have to
satisfy p (e )+p ( f )>p (a )+p (b ) (since e f �1 a b ), p (a )+p ( f )>p (c )+p (d ) (since a f �2 c d ),
p (c )>p (e )+p ( f ) (since c �3 e f ), and p (b )+p (d )+p (e )>p (e )+p ( f ) (since b d e �3 e f ). But
adding these four inequalities leads to an impossibility.

REMARK. Finally, a natural question arises: what happens when nonlinear prices are permit-
ted? In this case, a larger set of allocations can be sustained as equilibria. Richter and Rubin-
stein (2015) showed that the second welfare theorem holds with nonlinear prices, but that the
first welfare theorem can fail. Thus, nonlinear prices can support all Pareto-efficient alloca-
tions, but may also support Pareto-inefficient ones.
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